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1. Introduction

Let us consider mappings u : Q C R” — RY and the variational integral
Flu) = / f(z, Du)dz, (1.1)
Q

where f : Q x RV*" — [0,4+00) with n > 2 and N > 1. After fixing
a suitable boundary value u,., we deal with the problem of minimizing F
among mappings that agree with u, on the boundary of €:

min{F(u) : u = u, on 0N}. (1.2)
When we have p-coercivity
VIl — a() < £z, 2), (1.3)

for some exponent p > 1, then minimizing sequences for (1.2) are bounded in
the Sobolev space WP and compact with respect to the weak convergence
in W, 1In order to use direct methods, we need lower semicontinuity
with respect to such a weak convergence. In the scalar case N = 1, F is
sequentially weakly lower semicontinuous in WP if and only if z — f(x, 2)
is convex, see Theorem 1.3 in [15]. In the vectorial case N > 2, when we
also have p-growth from above

f(z,2) < M|z]P + b(x), (1.4)

then F is sequentially weakly lower semicontinuous in WP if and only if
z — f(x,z) is quasiconvex in the sense of Morrey, see Theorem 1.13 in
[15]. Quasiconvexity is weaker then convexity in the vectorial case. Quasi-
convexity is not a local condition, see [34]. A more friendly assumption is
polyconvexity; this means that f(z,z) can be written as a convex combina-
tion of minors taken from the N X n matrix z. Polyconvexity is weaker than
convexity but stronger than quasiconvexity. When N = n = 3, polyconvex-
ity can be stated as follows

f(.CC,Z) :g(w,z,adjgz,detz), (15)
with

(z,&,t) = g(z,2,£,t) convex. (1.6)
In nonlinear elasticity, f(z,z) = g(z,z,adjyz,det z) is the stored-energy

function and z, adj,z, det z govern the deformations of line, surface, volume



elements respectively, see [1]. Existence results for minimization problem
(1.2), when f is polyconvex, can be found in section 8.4.2 of [15].

This paper is concerned with regularity of minimizers of integral functional
(1.1) when f is polyconvex. In this framework we recall partial regularity
contained in [27], [25], [24], [45], [21], [32], [23], [9]. As far as everywhere
regularity is concerned, only few contributions are recorded and they all
consider the two dimensional case n = 2: [28], [17], [26], [5]. When L*°
estimates are concerned, we mention global bounds in [35], [3], [4], [19], [38],
[39], [37], [36], [6]. On the other hand, local L regularity is obtained in
[12], [7], [13]. When the polyconvex term is of lower order, see [18], [14] and
[30].

We focus our attention to the case where N = n = 3 and we are inter-
ested in studying the properties of solutions of the following minimization
problem:

min{Af(x,Dv(x))dx, v € uy —I—Wol’p(Q,R:‘)}. (1.7)

Our aim is to obtain bounds of the quantity |u — u.| for minimizers u of
problem (1.7). Here € is a bounded open set in R? and u, u, : 2 C R3 — R3.
Our main result is stated in Theorem 2.2 and gives an explicit estimate of
the L norm of u—u, under structural assumptions on f that are formalized
in the next section.

We underline the fact that in the present paper a “good” boundary
“regular” under quite general assumptions.
At the end of section 2 we will discuss in detail the fact that our assumptions
allow non standard growth of the type

datum allows minimizers to be

o]z’ = 3a(x) < f(x,2) < M[b(z) + 1+ [2[7], (1.8)

where 7, M are positive constants, a,b : Q@ — R are measurable functions
with suitable summability and p < p. In the case of the example discussed
in Remark 2.3 we get p = 5/2 < 4 = p. In the framework of non standard
growth, regularity for minimizers is usually obtained when p and p are not
too far apart, see [31], [40], [41], [29], [44], [33], [20], [22], [10], [11], [2], [16],
sections 5 and 6 in [42] and sections 3,4 in [43]. In our case too a similar
control on p and p appears. See Remark 2.3 for a deeper discussion. In
section 5 we apply our main Theorem to the special case where the boundary
datum is Lipschitz.



Let us end this introduction by mentioning that, in the scalar case u : 2 C
R™ — R, estimates of the difference between minimizers u and boundary
values u, are given in [8].

2. Notation and statement of the main result

2.1. Notation

In this paper we are concerned with N =n =3, so v : Q C R? — R3.
We will use the following notation for v and for its Jacobian Matrix:

ul Diu' Dyu' Dsul
u= | u , Du= | Diu? Dyu®> Dsu?
ud Dyu® Dou® Dsu?

For simplicity, we will also denote the Jacobian matrix using the gradients
of functions u®:
Du!
Du= | Du?
Du?

Moreover, we consider the adjugate matrix of the Jacobian:

adjg(Du)% adjg(Du)% ade(Du):l))
adje(Du) = adjg(Du)% adjg(Du)g ade(Du)g ,
CLde(DU)i)’ adjg(Du)g adjg(Du)g
where
P P
ox” oxs
adjp(Du)? = (—1)**det ,
ouY ouY
ox" oxs
with

<~ B,ye{l,2,3}\{a}, r<s, rse{l,2,3}\{i}.

We write adja(Du)® for the a—th row of the adjugate matrix.
Moreover we use also the following common notations: |{2| is the Lebesgue
measure of ; ||g||s is the L*(€2) norm of the function g and p* is the crit-

ical Sobolev exponent associated to p. We remark that in our special case
_ 3p
Pt =5



2.2. Structure assumptions on f.

Let p, g, r three strictly positive real numbers satisfying
3r
O<r<g<p<3, p>1, p>max \/Sq,; . (2.1)
Remark 2.1. Note that \/3q < 3 since ¢ < 3 and 3r/q < 3 since r < q;
then, assumption (2.1) makes sense.
We consider a polyconvex potential of the following form

f(z, Du) =F(z, Du') 4+ Fy(z, Du®) + F3(x, Du®)
+ G1(x, adja(Du)') + Ga(z, adjz(Du)?) + Ga(x, adja(Du)?)
+ H(z,det(Du)),

where we suppose that F,,Go : QxR3 - R, a=1,2,3,and H : QxR = R
are Caratheodory functions. Moreover we will assume that there exist two
constants

0<v,M < +4o0. (2.2)
and two functions
0<a(x),b(z) < 400, abel’(Q), o> ;, (2.3)
such that
Vgl —alz) < Fa(x,§) < MEP +b(z),  Fa(z,§) 20,  (24)
v[gl! —a(r) < Galz,§) < MEJT+b(x),  Galz,§) 20, (2.5)
0< H(z,t) < M|t]" + b(x). (2.6)

2.3. Statement of the main Theorem

We start defining some constants that will be used in Theorem 2.2:

- we denote by p a fixed real number such that

3pq 3qr )
p>—3¢ qp—3r}’

P > max {3,



- the real number ~ is defined by

1 ror
v := min 1——,1—2,1—g—g,1———j ,
N g, p {7, p q D
1 02 03 04

and we underline that, thanks to previous choices, v > pﬂ

We consider a minimization problem with fixed boundary datum u, and
we assume that u, € WHP(Q, R?) such that

x — f(z, Du.(z)) € L*(Q). (2.7)

The last constant that we will need is

3p
3— 3(p—1
K= (2 )7y
3—p

- (max{4||b||a + llallo, M||Du |,
2M3‘1||Du*|\q < /f x, Duy)dx + ||a||1> (2.8)
2

M32||Du*H’” ( /f x, Duy)dx + ||a||1) }
3
. max {‘Qlﬁlf’y, ‘9’52*’77 |Q‘53*7, |Q‘54*'Y} —+ ”DU*Hg‘Q’éQ*’Y) 3—p .

We are ready now to state our main Theorem that will be proved in the
next section.

Theorem 2.2. Let u :  C R® — R3 be a minimizer of problem (1.7)
such that hypotheses (2.2)-(2.7) are fulfilled. In addition, we suppose that
boundary datum us has the following high degree of integrability

u, € WHP(Q), (2.9)
Then,
u® —uy| < L*, in Q, Vae({l,2,3},
with

T (2.10)




Remark 2.3. We now give an application of the previous Theorem. We
consider

3
f(z,Du) = 3" (IDu®PP + |adja(Du)?|%) + | det Dul". (2.11)
a=1

Assuming p,q,v > 1 we have that the functional is both polyconvexr and
coercive and, so, the corresponding minimum problem (1.7) has a solution
see Remark 8.32 (iii) in [15] and Theorem 3.1 in [12]. We choose r = 4/3,
g =2 and p =5/2 and we observe that (2.1) is satisfied. For this choice we
obtain 3pq/(p? —3q) = 60 and 3qr/(qp—3r) = 8; then our Theorem requires
that the degree of integrability of the boundary datum u, has to verify p > 60.

Let note that (2.11) has been considered in [12]: there, the conditions
on p are more restrictive than the ones in the present paper, see section
4. We can guess it by recalling that [12] deals with local regularity and no
boundary value uy is fixed; on the contrary, in the present paper a “good”
boundary value uy allows minimizers to be “reqular” under less restrictive
assumptions.

Let us come back to our general structure described in section 2.2; then,
our growth assumptions (2.4)-(2.6) imply

7|2P = 3a(z) < f(z,2) < M[b(z) + 1 + |2[P], (2.12)

where v, M are positive constants and

p := max{p; 2¢; 3r}. (2.13)
So, we are in the framework of non standard growth, that is, when the
exponent p of the growth from below is less than the exponent p of the
growth from above: this happens in our previous example when r = 4/3,
g =2 and p = 5/2; in such a case p = 5/2 < 4 = p. In the framework
of non standard growth, regularity for minimizers is usually obtained when
p and p are not too far apart, see [31], [40], [41], [29], [44], [33], [20], [22],
[10], [11], [2], [16], sections 5 and 6 in [42] and sections 3,4 in [43]. So, it
is not surprising that also in our case a similar control on p and p appears.
Indeed, let us read the last inequality of (2.1) in a different way. Condition
p > /3¢ is equivalent to 2¢ < 2p?/3 and restriction p > 3r/q can be seen as
3r < pq; taking into account the previous condition on ¢, we get 3r < p3/3.
This means that

92 3
p = max{p; 2¢; 3r} < max {p; gpQ; };} . (2.14)

7



3. Proof of Theorem 2.2

We will present some preliminary estimates that are resumed in the following
technical lemma and that will be useful later.

Lemma 3.1. Let u be a minimizer of (1.7) satisfying (2.2)-(2.7); then:

x — f(z, Du(x)) € L'(Q), (3.1)
. (1 3 v
Duly <32 (1 [ 1o Dute+ 2ali ) (32)
and .
oDl <35 ([ o puis+ 2l ) ea)

Proof. For the first claim we observe that:

0< /Qf(a;,Du(a;))da: < /Qf(a:,Du*(:c))dx < 400.
Moreover,

3 3 5 3 3 5 3 5
- » -
|DulP = (Z > \DiuaR) < (Z > |Diua|2> =35 (Z ]Diua]2> ,
a=1i=1 a=1i=1 i—1
where the index & corresponds to the maximum of the quantity Z?:1 | D;u®|?
with a = 1,2,3. From the previous inequality we have

p
3 3 2 3 3
|DufP <32 (Z ]Diua]2> —353 " (IDuP?)% =38 3 |Duep.
i=1 a=1

a=1 a=1
(3.4)



Then, using (3.4), (2.2)-(2.7) we can write:

ipalg=( [, \Durp)’q’
[ 3sg\pua|p> _ 3(2 [ |p)
(Z / (z, Du®) @)]m)z

33 < /f x, Du)dx + Ha||1)
( /fa: Du, dx—l—HaHl) ,

where in the last inequality we have used the minimality of w.
Now we pass to the second estimate. From a similar argument used for
estimating |Du|P we obtain that

hSES]

|/\
N"Q

| /\

I\J\»Q

<3

3
ladja(Du)|? < 32> |adja(Du)®|", (3.5)

a=1

and then, using (3.5), (2.2)-(2.7) and the minimality of u:

) (
Jodi(Da)l; = ( [ ladia(Dujpias )’

3 a
/ 33 Z ]adjg(Du)o‘\qda:>
Q —

5
/|adj2 Du)“ \qd:lc)
1

3
r
32

a=

3 a
< g<a:1/§zi (x,adje(Du)®) + a(x)] da:)
. /1 i
<32 (V/Qf x, Du) de’—l—HaHl)
r (1 q
<3 <V/Qf . Du*)dx+||a||1>

9



Remark 3.2. We observe that

3pq Pq
> , 3.6
p?’—3¢ p—q (3:6)
and 3
T, T (3.7)

gp—3r  q—r
The previous inequalities will be useful for the proof of Theorem 2.2. More-
over, (2.9) implies v > L, see (3.14).

Now we are ready to prove Theorem 2.2

Proof. (Theorem 2.2) For L > 0 we introduce the following test function

v
v=| u? |,
ud
where
L ful on 9\AL
ul + L, on Ai,
where

Al ={reQ: ul(x) > ul(x) + L}.

We first show that v is an admissible function for the minimum problem.
Note that on 0f) we have

ul(z) = ul(z) < ul(z) + L,
then
vl(z) = ul(z) on 0f.
We observe that 1 Dul, on O\ Al
Du” = { Dui: on A}J, o

and
Dv? = Du?, Dv® = Du?.

10



Regarding the functions F, we have:

Fy(x, Dv') = {

Fi(z,Du'), on Q\ Al
Fi(z,Dul), on AlL, ’

Fy(x, Dv?) = Fy(z, Du?), Fs(z, Dv®) = F3(z, Du®).

On Q\ A} we have Dv = Du and as a consequence f(z, Dv) = f(x, Du).

On the set AlL we have
Du!l
Dv=| Du® |,
Du3

and for the first row of the adjugate matrix we have

adjp(Dv)! = adjs(Du)!

while for the other rows we have

Oul
ox”

adjy(Dv)? = (—1)*T'det .
ou
ox”

with

)

oul
oxs

ou?
oxs

r<s, r,s € {1,2,3}\ {i}.

The previous quantity can be estimated in the following way:

out ou?  oul ou? Oul
ladj2(Do)7] ’81”" Oxs  Oxs 0z | — |0z"
oul|? oul|? 3 oud | oud | 2
< * *
- ‘833" ‘6335 ‘81‘7’ ‘G:US

where we have used Cauchy-Schwartz inequality.

Oul
ox”

adjy(Dv)? = (—1)3Tdet i
0
dar

with

ou? oul| | ou?
oxs oxs||0x”
< |Duy||Du?),

For the third row we have:

oul
oxs

ou?
oxs

r<s, r,s € {1,2,3}\ {¢},

11



for which we obtain in a similar way the following bound:
ladja(Dv)}| < |Duyl| Du?|. (3.9)

Then we have
Gl(adjg(Dv)l) = G’l(adjg(Du)l),

Ga(adja(Dv)?) < Mladja(Do)?[1 + b(x) < M|Dull1|Du[t + b(z)
Then in order to have Ga(adjz(Dv)?) € LY(Q) it is sufficient to note that
/ Go(adja(Dv)?)dz < M/ | Dul |9 Du?|%da + ||b]|1
Q Q .
<MD ([ 1001750) ™+ o
< cl| Du?[[g + [Ib]]1,
where we have used (2.9) and (3.6) which ensure that

Ui S WLﬁ, }5 Z Ifq

The same reasoning can be used for Gj.

We now consider the last term of the functional; we observe that the deter-
minant of the Jacobian matrix can be computed using the first row:

det(Dv) = Dyu} - adjao(Du)i + Doul - adjy(Du)l + Daul - adjz(Du)3,
then by Cauchy-Schwartz inequality we have
|det(Dv)| < |Dul||adja(Du)?|, (3.10)
and as a consequence
0 < H(det(Dv)) < M|det(Dv)|" + b(z) < M|Dul|"|adjo(Du)'|" + b(z).
We observe that adjs(Du)! € LI(Q): indeed, from (2.5) we have
vladjs(Du)'|? < a(z) + G1(z, adj2(Du)') < a(z) + f(z, Du).

Then, using Holder’s inequality we obtain:

/H(det(Dv))dx < M/ | Dul|"|adjo(Du)t|"dz + ||b||1
Q Q

gr o 1
gM(/ |Dui]q—rdx> </ adj2(Du)1|qu> + 18|51,
Q Q

12



then we obtain H (det(Dv)) € L'(Q) by using hypothesis (2.9) and (3.7) for

which we have
rq

q—r
Then we conclude that v is an admissible function. Now we pass to the
bound of u. By minimality of v we can write

ul € Whe, D>

/ f(, Du(x))dz < / f(x, Du(a))dr,
Q Q
so that

/ f(x, Du)dxz + f(x, Du)dz < / f(x, Dv)dx + f(x, Dv)dx.
o\Al

AL o\AL AL

Since u = v in Q\ A}, we drop fQ\AlL f(z, Du)dx = fQ\AlL f(z, Dv)dz from

both sides and we obtain

f(z, Du(x))dx < f(x, Dv(z))dx.
AL AL

We rewrite the previous inequality in details emphasising the terms that are
equal (keep in mind that v? = u?,v3 = u? and adjs(Dv)' = adjz(Du)t):

/
(1) (I1)

+ G1(z, adjz(Du)")dx + Go(z, adjz(Du)?)dx
AL AL

Fy(x, Dul)dz +/

Fy(x, Du?)dx +/ Fy(z, Du®)dx
A

1 1 1
L L AL

(I11)

+ G3(x, adjz(Du)®)dx + H(z,det(Du))dx
AL AL
<)
A

Fy(x, Dv')dx +/
+ G1(z, adjy(Dv)Y)dzx + Go(x, adjy(Dv)?)dx

Fg(x,Dv2)dac+/ Fy(x, Dv3)dx
AL
AL AL

1 1
L AL

(1) (1)

(I11)

+ Gs(x, adjy(Dv)3)dx + H(xz,det(Dv))dx;
AL AL

13



then, dropping the equal terms and using Dv' = Dul in AlL, we have
/ Fy(x, Dul)dz + Go(x, adjz(Du)?)dz + Gs3(x, adjz(Du)?)dx
AL AL AL

+/A H(z,det(Du))dx

1
L

§/ Fy(x, Dul)dz + Go(z, adjz(Dv)?)dz + G3(z, adjz(Dv)3)dzx
A

1 1 1
L AL AL

+ H(xz,det(Dv))dz,
AL

and, using growth assumption (2.4), (2.5), (2.6) we obtain that the right
hand side of the estimate above is less or equal to

M/ymwm+/b@m+M/kwﬂmmm+ b(x)d
Ap AL AL AL
+M/hwﬂmww+/

AL A

Finally, by Holder’s inequality, (3.8), (3.9) and (3.10), the previous quantity
can be be majorized by

1 2
4 (/ b(x)”da;) ClALY T M (/ yDuiyﬁd:c> l1aL-F
Q Q

+2M33/ |Du*|q|Du|qdzL‘+M/ | Dus|"|adjz(Du)|"da.
Al Ay

bmm+M/ymwmw%/b@m.
AL Al

1
L L

We estimate the last two terms of the previous expression separately. We
first observe that the coefficient 32 appears since (3.8) implies

ladj2(Dv)?| < V3|Du,||Du’| < V3|Du.||Dul,
moreover (3.9) implies

ladj2(Dv)*| < V3|Du,||Du?| < V3|Dus||Dul.

14



Note that (2.9) implies p > p q, see (3.6); then, for the first term we have

4 q
s )
/ | Du |7 Dulda < / | Du |7 da (/ |Du|pdx>p
AL A

N
/ | Dus[Pdz AL w7 (/ |Dupdx>
AL
pP—q
</ Du*|ﬁdx> </ |Du‘pdx> [|Ai|1 (p— q)p} P

= | Du. g Dullg| AL 755

IN

IN

Lemma 3.1 implies that the last term is less than

q
q (1 3 P _a_4g _d_4g
IDu.it st (5 [ f<x,Du*>dx+Vuaul) AL E e at
Q

Note that (2.9) implies p > T, see (3.7), then, thanks again to Lemma 3.1
we can estimate the second term as follows

/ |\ Dua [ adjs(Du)"dz < < / ]adjg(Du)]qdw)q ( /
AL Q Al

L

q—r
q
|Du*|<1m7‘dx)

—r

< ([ Jtpuyiae)” [( L) 1>] E
< </Q!adj2(Du)]qu>q (/ |Du*|ﬁ>; “Aﬂlfﬁ}%

. r 1-£-z
= [ladja(Du) [} || Dul[5 |AL]

I3

< [ Dus|; 32 ( /f x, Duy)dx + Ha||1> \AL|1_7_E = 02|Ai|1_5_§,

Then
/ Fy(z, Dbz + | Golz, adja(Du)2)dz + | Ga(x, adja(Du))dz
5 AL AL

+ H(x,det(Du))dx
AL

1 _P —_9_
< 4bllo|ALI"7 + M| Dul|B AL 5 + 2M33er| AL|'TE T + Mool AL

15



By using the positiveness of G, H and the left hand side of (2.4) we can

write:
y/ |Du1|pdx—/
AL A

< bt AT 4 kol AL|TT 4+ ks AL|TTR TR 4 kAL,

a(:n)dxﬁ/ Fy(x, Dul)dx
A

1 1
L L

where
ki =4lblle,  ka=M|Dul,  ks=2M3%c;,  ks= Mc,.

We can estimate the term depending on the function a(-) in the following

way:
/

1
a(x)dx < (/ a(a:)”dx) 0 ]Ai[l_i.
1 Q
Finally, we obtain
[ b < kAl

AL

where

4
k= —max{ky + |lallo, k2, ks, ka} max{|Q" 77, |27, [Q% 77, Q7

and
. 1 P q q roor
Yy =min¢l——1—-=1—-=-—=/1—-——
N g, p p p q p
51 (52 53 54

The previous estimate follows from the following reasoning,
(AL = [ALPIALP ™Y < [ALPI9217,

where 6 > . From Holder’s inequality we have

[ petpds < ([ D) 1y,
AL Q

and as a consequence

RSl

-2 _ =
| 1Dutpds < 1Dl 144 F < Fap

L
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where v is as above and
- 5o
k= HDu*Hg |27,

Finally, we can write

L

/ Dl (2) — ul(2)] Pz < 27~ / | Dul (@) Pda + 2! / Dol (2)|Pda
AL Al AL
< 97k 4+ B AL[T = ElALP.

We use Sobolev inequality for 1 < p < 3:

/ |(u! —ul) — L dw—/| ut —ul) — L] v 0P dz

<053</ ID{[(u" — u! ]\/O}lpdm>pp
= Cs3 ( D! —u )|de>pp, (3.11)

where Cg3 = ( 32_pp) 5 is the Sobolev constant in dimension 3, while p*
1 11

is the Sobolev exponent in dimension 3: =5 3 From the previous
computation we obtain

/ ' () — ul(a)) - LI dx < K[4})57,
AL
where K = Cg3 (l%)p? Now we take Ly > L; from A} C A} we have

AL |- L) < / [0 (@)~ (2)] LY di < /A [l (@) k()] L

1
AL1

Finally, we have obtained the following inequality:

K

"
AL, | < mm}ﬂ v

The previous inequality falls within the hypotheses of Stampacchia’s Lemma
that we write for the convenience of the reader.
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Lemma 3.3. (see page 93 in[46]) Let o(t) a non negative and non increasing
function defined for t > ko such that for h > k > ky we have

o) < G ale )’

with ¢, «, B positive constants. If 8 > 1 then we have
o(ko +d) =0,

where s
d* = clp(ko))P 1271,
We use such a Lemma with
a=p" >0, 6=%’y>1,

where the second inequality is proved below.

Then, we have \A%| = 0 for

Q=

L= L+2% {K\Aﬂﬂfl} < L+2% {K|Q’51};

Since L was free in (0, 4+00), taking L = %, with V € N, we have

1
et

AL =0, with L* =27 1{K|Q\ﬁ 1}
Then we conclude that
1 X
W' -l < Lt =250 (KPP~} = 2t K jo)i o (3.12)

where

3p

3— 3(p—1

K= (22 )TN
3—p

- (max{4llello + llallo, Ml|Du. |,

2M 37| Du || ( /f x, Duy)dx + ||a||1> (3.13)
a

s3# 1Dl (3 [ st D+ al) '}

3

mac {017, 1017, 10/57, 1057} 4 || Du [Fl0)% )7
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It remains to check the inequality

P 3
B=—vy= v > 1; 3.14
T3, (3.14)
we recall that v may take four different values then we check the inequality
for each value:

3 1 3
) —(1-=)>1, f > =
(1) 3—p( a) , for o P
3 p> _
2) —(1-=)>1, for p>3,
@ 3—p< p
3 q q) 8 3pq .
3) —(1—-—=—=]>1, for p> , with p>+/3q,
) 3—p< p D p* —3q
3 3 3
(4) (1—T—7:>>1, for p>—0 _ with p> .
3—p q D qp — 3r q

They are all verified thanks to the hypotheses (2.3),(2.9) and (2.1).
In order to provide a bound from below for the quantity u!(z) — ul(x) we

observe that & = —u solves the following minimum problem:

min {/ f(x, Dh(z))dz, h € i, + Wolvp(ﬂ,]R:%)} 7
Q

where f(z,2) = f(z, —z) and @, (z) = —u.(z). We note that D& = D(—u) =
—Du, adja(D0)Y = adjz(—Du)$ = adjz(Du)¢ and det(Du) = det(—Du) =
—det(Du). Then

fa,2) = Falw,—2") + > Galz,adja(2)*) + H(x, —det(2)).

Since Fy(z,—¢), H(x,—t) satisfy again (2.4) and (2.6) we can repeat the
same computations made for u without any changes. Then we obtain the
following upper bound:

—ul () +uy(z) = @' () — G,(2) < L%,

that is

ut(z) —ul(z) > —L* (3.15)
Note that L* is given by the right hand side of (3.12) and (3.13) with .
instead of wuy; since @, = —uy then ||Duy|s = |[Duxls; since f(x,z) =
f(z,—2), then

/Q f(z, Dii,)dx = /Q f(z, Du,)dz.
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This means that L* in (3.15) and L* in (3.12) are the same. From the
previous inequality and from (3.12) we conclude:

lut(z) — ul(z)] < L*. (3.16)

Now we pass to analyse the second component of u. We introduce the
following function by changing the order of the components of w:

u? Du?
a=| u' |, for which ~ Da= | Du!
ud Du?

We denote by Ci2(z) the matrix obtained from z by inverting line 1 and
line 2. Then
Da = CLQ(DU).

Since adjz(Da)! = —adja(Du)?, adjz(Da)? = —adja(Du)t and adjz(Da)? =
—adja(Du)? we have

adjz(Du)?
ade(Dﬂ) = — adjg(Du)l = —CLQ(ade(Du)),
adjz(Du)?
moreover det(Du) = —det(Du). Then we have that 4 solves

min {/ f(x, Dh(z))dz, h € i, + Wolvp(Q,]R?&)} :
Q

u
where U, (z) = [ w
u

and

* Wk % DN

N

f(z,2) =f(z,Cr2(2))
=F (z, 22) + Fy(z, zl) + F3(x, 23) + Gy (x, —adjg(z)z)
+ Go(z, —adjz(2)Y) + G3(z, —adja(2)3) + H(z, —det(z)).

Again, f(x,y) satisfies (2.4), (2.5), (2.6), and all the computations made for
u can be repeated without any changes and we obtain:

[w?(z) = ui(z)] = @' (z) — au(2)] < L*. (3.17)
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Note that L* is given by the right hand side of (3.12) and (3.13) with .
instead of w,; since 4, = C12(us), then ||Diy||s = || Dux||s; since f(x,z) =
f(m, CLQ(Z)), then

/Q f(x, Diy)dx = /Q f(x, Duy)dz.

This means that L* in (3.17) and L* in (3.12) are the same.
For the third component we introduce the function

In this case we denote by C} 3(z) the matrix obtained from z by inverting
line 1 and line 3. Then

Di = Cy3(Du),  adja(Du) = —Cy 3(adja(Du)),  det(Di) = —det(Du).

Then we have that o solves

min {/ f(z, Dh(z))dz, h € i, + Wolvp(ﬂ,]l{ii)} 7
Q

where u.(x) = | uZ | and

o

[z, z) =f(z,C13(2))
=Fy(x, 2%) + Fay(z, 2%) + F3(z, 2Y) + G1 (2, —adja(2)?)
+ Go(x, —adja(2)?) + Gs(x, —adja(2)') + H(z, —det(2)).

Then we obtain as above that:
0 (z) — ul(2)] = i (x) — iy (z)| < L*. (3.18)

Note that L* is given by the right hand side of (3.12) and (3.13) with .
instead of w,; since 1, = C1 3(us), then ||Diy||s = || Dux||s; since f(x,z) =

f(z, Cl,s(z)), then

Q Q

This means that L* in (3.18) and L* in (3.12) are the same.
This concludes the proof. ]

21



4. Remarks on growth assumptions

We now consider model density (2.11) and we compare the restrictions on the
growth assumptions considered in the present paper with the ones contained
n [12]. Both requires r to be less than ¢ which, in turn, must be less than
p. Moreover, we are in the polyconvex case, so 1 < r. The present paper
requires p < 3, then p* = 3p/(3 — p); in [12] also the case p = 3 is dealt
with. Then, we confine ourselves to

1<r<g<p<s.

We recall that [12] asks for two conditions:

*

p p(p* —q)
and §
p rp
=<1l —
p* q(p* —r)
they can be written as follows
p qpr”
AP S— 4.1
37 plp*—q) “y)
and .
p rp
-> —. 4.2
37 qlp* =) 42
Let us study condition (4.1): it can be written as
P q3p
LS : 4.3
37 p(3p—q(3-p)) 43)
this amounts to say
p(3p — q(3 —p)) > 3¢3; (4.4)
exploiting calculations we get
(3+q)p* —3qp — 9¢ > 0; (4.5)
the corresponding second order equation has two roots: p; := 34-3y/5¢*+12% <

2(3+q)

_ 3q+34/5¢%2+12¢
)

0 and pg := =%~ then, inequality (4.5) is equivalent, in our case,

2(3+q
p2 > /3¢; (4.6)

to p > pa. We claim that
22



indeed, squaring both sides gives

92 + 6¢+/5¢2 + 12q + 45¢ + 108¢ -
4(3+q)?

3q; (4.7)

g can be cut from both sides; eliminating the denominator and rearranging
elements result in
3v/5¢2 + 12q > 2¢% + 3¢; (4.8)

squaring again both sides, rearranging elements and cutting ¢ give
0> ¢®+3¢% —9g — 27 := g(q). (4.9)

We study the function g: we have g(3) = 0 and ¢'(q) = 3¢>+6¢—9; equation
3¢> +6q — 9 = 0 has two roots ¢; = —3 and g2 = 1; then ¢’(¢) > 0 for every
g > 1 and g strictly increases in [1,400); in particular, g(q) < ¢(3) = 0 for
1 < ¢ < 3 and (4.9) holds true: this proves our claim (4.6). Now we turn
our attention to (4.2): it can be written as

P r3p
LA : 4.10
37 qBp—r(3-p) (410
this amounts to say
q(3p —r(3 —p)) > 3r3; (4.11)
dividing by ¢ and exploiting calculations give
r(q+3)
3——=. 4.12
q(r+3) (412)
Note that 5
grlatd) a1 (4.13)
q(r+3) = g
since ¢ > r. Let us summarize: in [12] conditions on p are
p > p2,
r(q+3). (4.14)
{ p > 3q(r+3)’
if we keep in mind (4.6) and (4.13) we see that (4.14) implies
p>+/3q,
{ po 3 (4.15)

and these are our conditions on p. This shows that our conditions are weaker
than the ones in [12] when dealing with (2.11) and 1 <r < ¢ <p < 3.
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5. Lipschitz boundary datum

In the case where the boundary datum is a Lipschitz function it is possible
to obtain a sharper bound for the minimizers. In this section we discuss in
details this situation. We start fixing some notation.

Definition 5.1. Let K = (K1, Ka, K3) and let u, : Q C R3 — R? be such that
ul is Lipschitz with Lipschitz constant less than or equal to IC;, i = 1,2, 3.
We will say that such a uy is a KC-Lipschitz mapping. Let uy be a KC-Lipschitz
mapping, we will denote with Lipy, i the set of Lipschitz functions g : 2 C
R3 — R with Lipschitz constant less or equal to K; that coincide with u’ on
0. We will denote by Lipy, the set of functions u : 2 C R3 — R3 such

that u(z) = (u' (), v?(z), u?(x)) with u’ € Lipy, ,i for everyi=1,2,3.

It is straightforward that, since we assume wu, is KC-Lipschitz, the set
Lipk, : 1s non empty. We also remark that it is compact with respect to
the uniform convergence.

We fix ¢ € {1,2,3} and we consider the functional

Lipi, i 2 9 — / g(z) dz. (5.1)
Q

The functional (5.1) is continuous with respect to the uniform convergence
and then it admits both a minimum and a maximum on Lipg, -

We denote the minimizer by u* and the maximizer by ufF and we consider
the functions u_,uy : @ C R3 — R3 defined by u_ = (u!,u?,u3) and
uy = (ul,u?, ud).

Proposition 5.2. Let u € Lipg, . Then

u' (z) < u'(z) < v (2) forall x € Q, for alli € {1,2,3}.

Proof. 1t is sufficient to prove that ul (z) < u'(z) for all z € Q since the
other inequalities follow similarly. We argue by contradiction assuming that
there exist u € Lipy, ,1 and 2 € Q such that u'(z) < ul (z). The continuity
of both u! and u! implies that the set A = {z € Q : u!(z) < ul(z)} has
positive measure. Let us consider the function

1 .
. U ifre A
w =min{u';u'} = { N ’

u., otherwise.
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We obtain that w € Lipg, ,1 and
/ w(z) dx
Q

:/Q\Aul_(:v)dij/Aul(a:)dm
</Q\Au1_(:n)dx+/Au1_(:n)dx

:/Qul_(:c) dx.

This is in contrast with the minimality of u! for the functional (5.1).

(5.2)

O]

Remark 5.3. The previous proposition shows also that the minimizer u' is
unique and, of course, the same is true for the mazimizer u’;i_, fori=1,2,3.
There is only one case in which u' and uﬁr coincide in  and it happens
when there exists just one function with Lipschitz constant IC; assuming the
boundary datum ul.

Corollary 5.4. Let u, be a Lipschitz mapping with Lipschitz constant K.
Let u be a solution of the minimization problem 1.7. Then for almost every
x € Q we have

u'y(z) — LT <a'(z) <u'(z)+ L7, (5.3)

for every i € {1,2,3}, where L™ is the constant L* that appears in (2.10)
and (2.8) with u_ instead of u. and, analogously, L™ is the constant L* with
uy instead of uy .

Proof. Since u_ = u, = u, on 82, we have u, +Wy*(Q) = u_ + W, (Q) =
u++W01 P(Q2) and we can apply Theorem 2.2 both with v_ and u, instead of
ux. Then using just one side of the inequality (2.2) we get the estimate. [

Remark 5.5. Let us give an estimate for the constants L~ and L™. Looking
at (2.10) and (2.8), we have to control the following items

| Du—_||3 and / f(z, Du_)dx.
Q

Let us set
,C* = maX{ICl, ICQ, ,Cg}

25



We have

i1

Du_|

3 3 /2 3 3 b/2
— ( Zypiw:?) < <ZZ\/¢Q\2>
3 a=1 i=1
3 3 p/2 ~
< (ZZ!Kﬂ) = (3K.)7,

then )
|Du-l < |Q173K...

Moreover, using (2.4)-(2.2), we can write

3 3
/ f(z, Du_)dx < 7|b|l1 + M {Z/ | Du |Pdz + Z/ ladjo(Du—)|*dz+
Q a=17% a=17%
/ |det(Du)]’"dx} < 7|1b]l1 + M9 {31+§/c§3 +3-123K20 + 67‘163"} :
Q

where we have used the estimates

[S]}

q
3 2

(2K2)?
k=1

= 122K2%,

3
|adj2(Du—)*|" = [Z|adj2(Du*)g|2] =
k=1

and
|det(Du_)|" < (31K3)" = 6"K2".
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