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MULTIPLICITY OF POSITIVE SOLUTIONS FOR A FRACTIONAL
p&¢-LAPLACIAN PROBLEM IN RV

VINCENZO AMBROSIO AND TERESA ISERNIA

ABSTRACT. In this paper we deal with the following fractional p&g¢-Laplacian problem:

(—Apu+ (—A)ju+V(ex) (|u|p_2u + |u\q_2u) = f(u) inR",

u € WP(RM) N W=I(RN),  u(z) >0 for a.e. © € RV,
where s € (0,1), € > 0 is a small parameter, 2 < p < g < %7 (=A), with ¢t € {p, ¢}, is the fractional
(s, t)-Laplacian operator, V : RY =R is a continuous function satisfying the global Rabinowitz
condition, and f : R— R is a continuous function with subcritical growth. Using suitable variational
arguments and Ljusternik-Schnirelmann category theory, we prove that the above problem admits
multiple solutions for € > 0 small enough.

1. INTRODUCTION

In this paper we focus our attention on the existence and multiplicity of solutions for the following
fractional p&g-Laplacian type problem:

{ (—A)ju+ (=A)ju+V(ex) (|u|p_2u + |u!q_2u) = f(u) inRY,

u € WSP(RN) N W4(RN),  u(x) >0 for a.e. z € RV, (F2)

where s € (0,1), € > 0 is a small parameter, 2 < p < ¢ < %, WU RN), with t € {p, ¢}, is defined
as the set of the functions u : R¥ — R belonging to L!(R) such that

u(y)|*
[ Ws:t(RN) //R2N |LL‘—y|N+St dl‘dy<00

S

The leading operator (—A)f is the fractional (s, t)-Laplacian operator which may be defined, up to
a normalization constant, by setting

SN o Ju(@) — u(y)|"*(u(z) — uly))
(Z&)iulr) =2 i RN\B, (x) |z — y|NFst dy (@eRY)

for any u € C2°(RY); we refer to [23,38] for more details on nonlocal fractional operators.
In the local case, that is when s = 1, (P-) reduces to a p&g-Laplacian equation of the type

—Apu — Agu + |ulP2u + u)%u = f(z,u)  in RV,
These class of problems arise from a general reaction-diffusion system
= div(D(u)Vu) + f(z,u) = €RN t>0,

where D(u) = |Vu[P~24|Vu|972. As underlined in [18], this equation appears in a lot of applications
such as biophysics, plasma physics and chemical reaction design. In these applications, u describes
a concentration, div(D(u)Vu) corresponds to the diffusion with a diffusion coefficient D(u), and
the reaction term f(x,u) relates to source and loss processes. Classical p&q Laplacian problems in
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2 V. AMBROSIO AND T. ISERNIA

bounded or unbounded domains have been studied by several authors; see for instance |2,13, 14,16,
20,25,27,31-33,39,41| and references therein.

Coming back to the fractional setting, we point out that in these last years, the study of non-
local problems driven by fractional operators has received a great interest from the mathematical
community both for their interesting theoretical structure and in view of concrete applications, such
as, obstacle problem, optimization, finance, phase transition, and so on. For more details we refer
to [23,38]. Indeed, when p = ¢ = 2, equation (P:) appears in the study of standing wave solutions,
i.e. solutions of the form v (z,t) = u(x)e™™*, to the following fractional Schrédinger equation

o
ot
where 7 is the Planck constant, W : RV — R is an external potential and f is a suitable nonlinearity.
The fractional Schrodinger equation has been introduced for the first time by Laskin [30] due to its
fundamental importance in the study of particles on stochastic fields modeled by Lévy processes.
After that, a remarkable attention has been devoted to the study of fractional Schrédinger equa-
tions, and several existence, multiplicity and qualitative results have been established; we refer the
interested reader to [4,7,24,28,42| and references therein.
When p = g # 2, (P:) boils down to the following fractional p-Laplacian equation:

h R(=A) '+ W(z)y — f([9])  inRY xR,

(-A)pu+Vi(e o) |ulP?u = f(z,u) inRY. (1.1)

We stress that the fractional p-Laplacian has a great attractive since two phenomena are present
in it: the nonlinearity of the operator and its nonlocal character. Indeed, standard tools used to
investigate the linear case p = 2 seem not to be trivially adaptable in the case p # 2 due to the
lack of Hilbertian structure of W*P(R™) for p # 2. For these reasons, there has been a source of
interest around nonlocal and fractional problems involving the fractional p-Laplacian operator; see
for instance [5,8,9,22,26,29,34,35,37] and references therein.

On the other hand, in recent years, a great attention has been devoted to the study of fractional
p&qg-Laplacian problems; we mention [1,6,10-12,15,17| for some existence and multiplicity results,
and [21] (see also [1,12]) for some regularity results. However, only few papers deal with fractional
problems like (P.) and the main purpose of this paper is to give a further result in this direction.

In order to precisely state our result, we introduce the assumptions on the potential V' and the
nonlinearity f. Throughout the paper we will assume that the potential V : RN — R is a continuous
function satisfying the following condition introduced by Rabinowitz [40]:

Voo = liminf V(z) > Vo = inf V(x) >0, (V)
|z|—o0 z€RN
and we consider both cases V,, < oo and Vg, = o0.

Concerning the nonlinearity f: R — R we suppose that
(f1) f€C'(R,R) and f(t) =0 for all t < 0;

(f2) Ol _

[t|—0 |¢[P~1
(fs) there exists r € (g,q2), with ¢} = 2L, such that lim 2! _
° s N lt| =00 |71

I

(f1) there exists ¥ € (g, k) such that
t
0 < OF(t) = 19/ fir)dr <tf(t) forallt>0;
0

t
(f5) the map t — i;(_i is increasing in (0, 00).
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Since we deal with the multiplicity of solutions to (P:), we recall that if Y is a given closed set of
a topological space X, we denote by caty (Y') the Ljusternik-Schnirelmann category of Y in X, that
is the least number of closed and contractible sets in X which cover Y'; see [44] for more details.
Let us denote by

M={zcRY:V(z)=V} and Ms={zecRY :dist(z, M) <5}, for § > 0.
Our first main result can be stated as follows:

Theorem 1.1. Assume that (V) and (f1)-(f5) hold. Then, for any 6 > 0 there exists e5 > 0 such
that, for any e € (0,¢5), problem (P.) has at least catyr, (M) positive solutions.

The proof of Theorem 1.1 is obtained by using variational techniques and category theory. We
note that Theorem 1.1 can be seen as the fractional analogue of Theorem 1.1 in [2|. Anyway, we are
able to improve this result because in [2] the authors assumed f € C! and that there exist C' > 0
and v € (p, q}) such that

F (O = (g—1)ft)t > Ct" forall t > 0.

Therefore, since we require that f is merely continuous, the classical Nehari manifold arguments
used in [2| do not work in our context, and in order to overcome the non-differentiability of the
Nehari manifold, we borrow some ideas in [8] which combine the critical point theorems in [43] with
Ljusternik-Schnirelmann category theory. Clearly, due to the fact that (P.) includes the sum of two
nonlocal operators with different scaling properties, we have to face with some additional technical
difficulties. We would like to point out that our arguments are rather flexible and can be applied
in other situations to study fractional p&g-Laplacian problems like (P.). Moreover, our proofs also
work in the local case s = 1.

The paper is organized as follows: in Section 2 we collect some facts about the involved fractional
Sobolev spaces and some useful lemmas. In Section 3 we provide some technical results which will
be fundamental to prove our main theorem. In Section 4 we deal with the autonomous problems
related to (P:). In Section 5 we obtain an existence result to (P:) for small . The last section is
devoted to the multiplicity result for (FP:).

2. PRELIMINARIES

In this preliminary section we recall some facts about the fractional Sobolev spaces and we prove
some technical lemmas which we will use later.

Let p € [1,00] and A € RY. We denote by [ulp(a) the LP(A)-norm of a function u : RY — R
belonging to LP(A). When A = RY we simply write |u|, instead of || oy For s € (0,1) and
p € (1,00), we define D*P(RY) as the closure of COO(RN) with respect to

// [ulz) — w4
7P R2N |l‘— |N+sp :

Let us indicate by W*P(RY) the set of functions u € LP(RY) such that [u]s, < oo, endowed with
the natural norm

[ull$, = [l + lulp.
We begin by recalling the following embeddings of the fractional Sobolev spaces into Lebesgue
spaces.

Theorem 2.1. [23] Let s € (0,1) and N > sp. Then there exists a constant S, > 0 such that, for
any u € DSP(RY),
Julp, < S7Hu]h
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Moreover, W*P(RN) is continuously embedded in LYRYN) for any q € [p,p:] and compactly in
Lj,.(RY) for any q € [1,p}).
We recall the following compactness-Lions type result.

Lemma 2.1. /8] Let N > sp and r € [p,p%). If {un} is a bounded sequence in W*P(RN) and if

lim sup / |un|"dx = 0, (2.1)
Br(y)

n—oo yERN

where R > 0, then u, — 0 in LYRY) for all t € (p, pt).

The next result provides a way to manipulate smooth truncations for the fractional p-Laplacian.
Lemma 2.2. [8] Let u € WP(RY) and ¢ € C(RYN) such that 0 < ¢ < 1, ¢ = 1 in B1(0) and
¢ =0 in B5(0). Set ¢p(x) = ¢(%). Then

Tli)m [Ud)r - U]sp =0 and rliglo |u¢7‘ - U|p = 0.

We also have the following useful lemma.

Lemma 2.3. [8] Let w € DSP(RN) and {z,} € D*P(RN) be a sequence such that z, — 0 a.e. in
RY and [z,]s, < C for any n € N. Then we have

//Rw (zn + w) = Alzn) = A(w) P dz = 0n(1),

]

where A(u) = [u(z)—uly Nfsf)_u( v) and p' = Ll.

lz—y| P

Let us define the space
Xe = {u e WP(RN) N WH4(RY) : /N V(ez) (Juff + |ul?) dz < oo}
endowed with the norm :
ulle = llullvp + [[ullv,g,
where

Hu||’§/t = [u]’;t + /RN V(ex)|ul'dz for all t > 1.

Then we have the following embeddings:

Lemma 2.4. [1] The space X; is continuously embedded into W5P(RN) N W4(RYN). Therefore,

Xc is continuously embedded into LY(R™N) for any t € [p, %] and compactly embedded into L*(Br(0)),

for all R > 0 and for any t € [1,q2).

Lemma 2.5. [1] If Voo = 00, the embedding X. C L™(RN) is compact for any p < m < g*.
Finally we recall the following splitting lemma which will be very useful in this work.

Lemma 2.6. [1] Let {u,} C X; be a sequence such that u, — u in X.. Set v, = u, —u. Then we
have

(l) [vn]g,p + [vn]g,q = ([un]g,p + [un]g,q) - ([u]g,p + [u]g,q) + On(1)7
(44) /REVl)V(ax) (lon|P + |vp]?) dx = /]RN Viez) (|un? + |upl?) dz — /]RN V(ex) (Jul’ + |u|?) dz +

(i) /R (F(0n) ~ F(um) + Fw) d = on(1)



(iv) sup /RNl(f(vn)—f(un)+f(U))w|d96=0n(1)-

[[wl]le<1

3. FUNCTIONAL SETTING

In this section we consider the following problem

(=A)ju+ (=A)ju+V(ex) (JufP~2u + [ulP~2u) = f(u) in RV,
u € WPRN)NW=9(RN), u>0in RV,

In order to study (P-), we look for critical points of the functional Z, : X; — R defined as

)
;m%+;mg¢+éNV()< mw+1m§dx—ANFWMm

It is easy to see that Z. € C'(X,,R) and its differential is given by

U —u P=2(u(x) —u

//R2N | “’L‘)—| ‘]\(7+gp) (y)) (90(‘73) - (P(y)) dxdy
2(u(x) —u

//RQN \3:)—| y‘JEUrgq) v) (p(z) — p(y)) dedy

+ /]RN V(ex)(\u]p_zu + \u\q_Qu)goda: — /]RN f(u)pdz

for any u, p € X.. Now, let us introduce the Nehari manifold associated to Z., that is

Z.(u) =

— (W€ XA {0) - (TL(u)w) =0}
and define
o= 870

Let us note that Z. possesses a mountain pass geometry [3].

Lemma 3.1. The functional Z. satisfies the following conditions:
(i) there exist a, p > 0 such that T.(u) > « with ||ul|- = p;
(ii) there exists e € X. with |le]lc > p such that Z.(e) < 0.

Proof. (i) Using the growth assumptions on f, for any given £ > 0 there exists C¢ > 0 such that
|F()] < EPH + Celt|™"  for any t € R, (3.1)
C
PO < S+ S for amy £ e R. (3.2)
P r
Hence, taking £ € (0, Vp), we have
1 1 ¢ Ce
Te(u) > EHUH% + gHUH?/,q - 5!“\5 =l
1
> Cllully,, + 5\|U||§1/,q — CellullZ.
Choosing [lulls = p € (0,1) and using 1 < p < g, we have [ulv,, < 1 and then [lull},, > [lull{,,
which combined with a’ + b* > Ci(a + b)" for any a,b > 0 and ¢ > 1, yields
To(u) = Cllull2 = CellullZ.

Since r > ¢ we can find a > 0 such that Z.(u) > a > 0 for ||u||. = p.
(74) By (f4) we can infer
F(t) > Cy|t|” = Cy  for any t > 0,
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for some C1,Cy > 0. Taking v € C°(RY) such that v > 0, v # 0, we have

tP 4
T (tv) < —|[v]|2 + —|v||2 — tﬁle v?dx + Cy| suppv| — —oo as t — co.
b q supp v

g

Now, in view of Lemma 3.1, we can use a version of mountain pass theorem without the Palais-
Smale condition [44] to deduce the existence of a Palais-Smale sequence {u,} at level ¢/, namely

T(up)—c.  and  Z.(up)—0,
where ¢, is the mountain pass level of Z. defined as

! = inf Z.(v(t)),
¢ = inf max T(v(t))

and T' = {y € C°([0,1],X.) : 7(0) = 0,Z(y(1)) < 0}.

Lemma 3.2. It holds
=c.= inf maxZ(tu).
ueX\{0} >0
Proof. For each u € X\ {0} and ¢t > 0, let us introduce the function h(t) = Z.(tu). Following
the same arguments in the proof of Lemma 3.1 we deduce that h(0) = 0, h(t) < 0 for t large and
h(t) > 0 for t small. Hence, max;>o h(t) is achieved at t = ¢,, > 0 satisfying h'(¢,) = 0 and t,u € N-.
Note that, if u € A: then u™ # 0. Indeed, from (f1), we deduce that

p q _ _ +\,,+
Jully + = [ fCude = [yt do.

Now, if u* =0, then [|lull,  + [lu[l{,, = 0 that is u = 0 and this is a contradiction in view of u € .
Next, we prove that ¢, is the unique critical point of A. Assume by contradiction that there are
t1 and to such that tyu,tou € N, that is

_ _ t
R, 4 it - 80 [ Vel s [ Venpprar= [ 00
RN RN

7d
{u>0} (trayet "

and

ty ult, + [u]?, + tgq/ V(e x)|ul? dz + / V(ex)|ul|?dx = / Muq dx.
RN RN

{us0y (t2u)a™1

Subtracting terms by terms the above equalities we get

7~ + (@ -7 [ Veolurdo= |
RN {u>0}

[(f(tw) f(tau) } wdo.

Now, if t; < tg, exploiting (f5) and recalling that p < ¢, we infer

0 < (™1 — 5~ [ul?, + (1 — 279) / V(e a)|ul? dr = /
RN {u>0}

FLCOREFICOR

which gives a contradiction. Then we can argue as in [44]. U
Next we prove the following useful result.

Lemma 3.3. Let {uy,} be a Palais-Smale sequence of . at level c. Then
(1) {un} is bounded in X..
(74) u,, — 0 in X; and we may assume that u, >0 for any n € N.



Proof. (i) From (f4) we have

11 » 11 . 1
E 19) HunHV,p + (q 19) HUTLHV,q + IQ/RN (f(un)un "QF(un)) dx

1 1 1 1
> - —— p [ q
- <p ?9> ||unHV,p+ <q 19) HunHV,q

1 1
> (2= 5) Gl + ).

Now, assume by contradiction that ||u,|| — co. Then we distinguish the following cases:
(1) Nlunllv,p — 00 and [[ug||v,q — oc.
Since p < ¢, we have, for n sufficiently large, that ||un\|g/_qp > 1, that is ||unH(‘I/q > Hun||§)/q, and
thus

1 1 p p
Cttunll) = (3= 5 ) (lunlly + )

> C1 ([[unllvp + llunllvg)” = Cullunll2,

which gives a contradiction.
(2) |Jun|lv,p — 00 and |Juy||v,q is bounded.
We can see that

1 1
€+ uallvg + lunlva) > (5 = 5 ) ol

1 1 1 1
(it + o il (11
HU”HV,p ||UnHv,p HU”HVJ) q¢

and letting n — oo, we get 0 > (% — %) > (, which yields a contradiction.

implies

(3) [Jun|lv,p is bounded and ||y, ||y, — oo.

We can proceed similarly to the case (2).
Hence, {u,} is bounded in X. and we may assume that u, — u in X. and u,, — u a.e. in RV,
(i7) Since (Z.(up), un) = on(1), where u,;, = min{u,,0}, and f(¢t) = 0 for ¢ < 0, we deduce that

up(x) —u P=2(y (2) —u
[, e ) e 0) — i ) ey
un () — un (Y)|7 2 (un(z) — un(y)), _ -
* //]1%21\’ ‘:E — y’N—i-sq (un (x) — Uy, (y)) dxedy

+/ Ve :U)(|un!p_2un + |un|q_2un) u,, dx = op(1).
RN

Observing that for all t > 2 and z,y € RY

[un (@) = un ()] (un(2) = wn(y)) (y () = up (1)) 2 Juy (2) = uy (Y[
we get

s, [V + Nl (17,4 < 0n (1),
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that is u,, -0 in X.. Moreover, {u; '} is bounded in X.. Now, we prove that Z.(u;") — ¢ and
Ii(uh) = on( ). Clearly, |Jun|lve = ||u)|lvie + on(1) for t € {p,q}. On the other hand, by (3.2), the
mean value theorem, u,, = u,” + u,,, we have

F(uy)dr — F(u))dx
RN RN

<c / (a4 Junl) ;| d
]RN
< Cluz |y + Cluzly < Clluzllvp + Clluz via < Clluzlle = on(1).

This shows that Z.(u,}) — ¢. Next we claim that Z(u,}) = 0,(1). Fix ¢ € X¢ such that [j¢[l. < 1.
Then we have

(T (un), @) — (TL(ury), o)

) = P2 ) = ) = i 0) = )Pt ) = ) 2Dy

+ / /R M) = )20 (0) = ) = i ) = i 20 ) ] 2D

|z —

+/N V(ea)[(lunl"un + Jun| "™ 2un) = (Juf [P720) + Jud 1972uf)] o da
R

- [ [ft) = o).
Now, recalling that for all £ > 0 there exists C¢ > 0 such that
lla +b]""2(a+b) — |a|"2a| < &lal'™t + Celb/*™!  for all a,b € R, and t > 2,
and using it with
v)—uy(y) and b=, (x) —u, (y),

a="1u

we see that for t € {p, ¢} it holds
' / /R - Mn) = () () = un(y)) — st () = ()] () - mwnw ddy
< [[ i) = w ) + Celun @) — w1 EE= L0

RQ

|.%'— |N+st
< Elufliz [Plse + Celug 1oy (@l
<&C+ Cg\lun [
Consequently,

J @) = It ) = ) = i ) = > 0) = w5 ) 2

lim sup
|z —y

n— oo

<¢&c

and by the arbitrariness of £ > 0 we get

i [ n(2) = w12 2) = ) o 0) = w012 o) = ) =20 ey =,

n— oo

A similar argument shows that

lim [ V(ex)[(Junl"un + Junl"un) = (luf P20} + |uf |7 u)] @ do = 0.
n— oo ]RN



Observing that

[ ) = 1o
RN

/ fuy, )y dx

]RN

§0/<mm*+wm“bﬂm
RN

< Cllun B elp + un [ eplr)

< Cllug 11274+l 1271) = on(D),
we can deduce that [(Z.(un),¢) — (ZL(u}), )| = on(1). Since (Z.(uy), p) = 0n(1), we conclude that
Ti(uyy) = on(1). O

Since f is only continuous, the next results are very important because they allow us to overcome
the non-differentiability of N.. We begin by proving some properties for the functional Z..

Lemma 3.4. Under assumptions (V) and (f1)-(fs), for any € > 0 we have:
(1) Z. maps bounded sets of X, into bounded sets of X..
(1) I. is weakly sequentially continuous in X..
(171) Ze(tpupn) — —00 as t, — oo, where uy, € K and K C X, \ {0} is a compact subset.

Proof. (i) Let {u,} be a bounded sequence in X and v € X.. Then, from assumptions (f2) and (f3)
we deduce that

(Z2(un), v) < CtlfunlZ vl + CollunllE™H o]l + CsllunllZ o]l < C.
(ii) Let u, — u in X.. By Lemma 2.4, we have that u,, — w in L (RY) for all t € [1,¢}) and

U, — u a.e. in RV, Then, for all v € C*(RY), it follows from (3.1) and the dominated convergence
theorem that

(Zi(un), v) = (T(u), v). (3-3)

Since C°(RY) is dense in X, we can take {v;} C C2°(R") such that ||v; —v|c = 0 as j — oo. Note
that (3.1) and Lemma 2.4 yield

(T (un), v) — (ZL(w), v)| < HZZ(un) — Z(w), 0)] + [(Z(un) — ZZ(u),v — v;)]|

< (Zi(un) = Zi(u), v)| + C/RN(!un!p_l +ulP 7 Jun " [uf" v — v d

A

[(ZE(un) = Zi(u), v5)| + Clloj = vlle.

For any ¢ > 0, fix jo € N such that ||v;, —v||e < % By (3.3) there is ng € N such that

(T2 ) ~ o) vg)| < 5 for all n >

Thus
HZL(up),v) — (ZL(u),v)| < ¢ forallm >ng
and this shows that Z! is weakly sequentially continuous in X..
(7i1) Without loss of generality, we may assume that ||u|l. = 1 for each u € K. For u, € K, after
passing to a subsequence, we obtain that w,, — u € S;. Then, using (f;) and Fatou’s lemma, we can

see that
P q

t
I (thun) = ﬁH“ﬂ”? + iH“ﬂ”? - / F(thun) dz
p q RN

p q F(t
<tV <|Uan + ualle —/ Fltnun) T;un) da:) — —00 as n — oo.
RN th
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O

Lemma 3.5. Under the assumptions of Lemma 3.4, for € > 0 we have:
(i) for all uw € S, there exists a unique t,, > 0 such that t,u € N. Moreover, m.(u) = t,u is the
unique maximum of I on X, where S; = {u € X, : ||ul|c = 1}.
(i) The set N is bounded away from 0. Furthermore N is closed in X..
(1i1) There exists a > 0 such that t, > « for each u € S, and, for each compact subset W C S,
there exists Cyy > 0 such that t, < Cyw for allu e W.
u

(iv) For each u € Nz, mZ1(u) = i € N.. In particular, N is a regular manifold diffeomorphic

E

to the sphere in X..
(v) ¢ =infpar Zc > p > 0 and Z. is bounded below on N, where p is independent of €.

Proof. (i) The proof follows the same lines of the proof of Lemma 3.2.
(i7) Using (3.1) and Lemma 2.4, for any u € N we have

£
lally + iy = [ Fwude < - lully, + Celul
Taking ¢ > 0 sufficiently small we deduce that
Cillully,, + llully, < CllullZ.
Now, if [lulls > 1, we have done. If [julls < 1, then [July,, > [Ju[l{,, so we get

Cllullz = Cillully,, + llulli,y = Cullully, + luly,, = CollullZ,

- g jil

which implies that ||ul|c > & for some xk > 0.
Next we prove that Nz is closed in X.. Let {u,} C N be a sequence such that u,, — u in X.. From
Lemma 3.4 we infer that Z/(u,,) is bounded, so

(TL(un), un) = (TH(u), w) = (T(un) — ZL(w), u) + (T(un), un — u) =0,
that is (Z.(u), u) = 0, which combined with |lul/c > & implies that
[ulle = lim_ [jup[- > & >0,
n—oo

hence u € M.

(i7i) For each u € S, there exists ¢, > 0 such that t,u € N.. Then, using |lul|c > &, we also have
ty = ||tyulle > k. It remains we prove that ¢, < Cy for all w € W C S.. We argue by contradiction
and we suppose that there exists a sequence {u,} C W C S; such that t,, — oco. Since W is

compact, we can find v € W such that u,, — v in X; and u,, — u a.e. in RV,
Now, using (f4) we have

To(u) = To(u) — ;<I;<u>, )

= (-t (5 -2) [ veowrd— [ (Fa) - L) d
(o) (5-3) L Lo (= Grn)
= (5= i, - [ (P - se) dozo

and this is in contrast with Lemma 3.4-(ii7) for which Z. (¢, u,) — —00 as n — oo.
(iv) Let us define the maps 7. : Xc \ {0} — Nz and m. : S — N; by setting

me(u) =t,u  and  me = Mels.. (3.4)
In view of (i)-(¢i¢) and Proposition 3.1 in [43] we can deduce that m. is a homeomorphism between

S. and N and the inverse of m. is given by mz!(u) = - Therefore Ny is a regular manifold

diffeomorphic to S..
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(v) For e > 0,¢t >0 and u € X. \ {0}, we can see that (3.2) yields

I(tu)>ﬁ[u]p / V(ex) ﬁ|u|p+ﬁ|u|q dm—gtp/ V|u|pd$—Ct""/ |u|" dz
) 2 ik + 7 bl P q Vo Jew & Jan
tp T T
>~ lullV,, *||UH = Cet"[JullZ
p

so we can find p > 0 such that Z_(tu) > p > 0 for ¢ > 0 small enough. On the other hand, by using
(1)-(i7i), we know (see [43]) that

T BT = oy e T = g 20 (8.5)
which implies ¢ > p and Z:|n. > p. O

Now we introduce the following functionals ¥, : X, \ {0} - R and ¥. : S — R defined by
U, =Z.(m.(u)) and W, =g,
where m.(u) = t,u is given in (3.4). As in [43]|, we have the following result:

Lemma 3.6. Under the assumptions of Lemma 3.4, we have that for € > 0:
(i) W, € CL(S.,R), and

(UL (w),v) = [[me(w)[|e(ZL(me(w)),v)  for v € Ty(S:).

(73) {wn} is a Palais-Smale sequence for V. if and only if {m.(wy)} is a Palais-Smale sequence for
T.. If {u,} C N is a bounded Palais-Smale sequence for I, then {m2-(uy)} is a Palais-Smale
sequence for W,

(7i1) w € S¢ is a critical point of Ve if and only if mc(u) is a critical point of .. Moreover the
corresponding critical values coincide and

iélsf U, = ij\r}EfIE = C.

4. THE AUTONOMOUS PROBLEM

In this section we deal with the autonomous problem associated with (P:), that is

{ (=A)u+ (=A)qu+ p(lulP?u + |ul"?u) = f(u) in RY

u € WSP(RM)NWSIRY), w>0in RV, u> 0. (APy)

The functional associated with (AP,) is given by
Tulw) = a2+ ~[ull g+ g |~ [ulf + Juff /F()d
u) = —[u —[u —|u —|ul?| — u) dx
p sp T Wsig TH I T T8 BN

which is well-defined on the space Y,, = WP(RY) N W*4(RY) endowed with the norm

lwlly = llwllpp + lulug
where

lulltyy = [u]t, + plult for all ¢ > 1.
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It is easy to check that J, € C*( ! s ) and its differential is given by

o= \u ) — u)lP*(ula) — u(w) (@) = o) ,
R2N

|z — y|[Ntsp
u(y)|7 2 (u(x) — u(y))(e(z) — ¢(y))
/ /RzN |z — y|N+sa dady

—i—u[/ |u]p2ug0d$+/ |u|q2ug0dx} —/ f(u)pdx
RN RN RN

for any u,¢ € Y,. Let us define the Nehari manifold associated with 7,

My = {u € ¥, \ {0} (T} (u),u) = 0},
We note that (fy) yields

To(u) = Ty(uw) - ;w;(u), )

_ (; - ;) Jul, - /RN (F(u) - 2f(u)u> dz

> ( - q> [ullf,,  forall u € M,. (4.1)

Arguing as in the previous section and using (4.1), it is easy to prove the following lemma.

Lemma 4.1. Under the assumptions of Lemma 3.4, for u > 0 we have:
(i) for all w € Sy, there exists a unique t, > 0 such that t,u € M,,. Moreover, m,(u) = t,u is
the unique maximum of J, on Y, where S, = {u € Y, : |lul/, = 1}.
(17) The set M,, is bounded away from 0. Furthermore M, is closed in Y.
(i43) There exists o > 0 such that t, > « for each uw € S, and, for each compact subset W C S,
there exists Cyy > 0 such that t, < Cyw for allu € W.
(tv) M, is a regular manifold diffeomorphic to the sphere in'Y,,.
(v) d, = infMM Ju >0 and J, is bounded below on M, by some positive constant.
(vi) T, is coercive on M,,.

Now we define the following functionals \ilu : Y, \ {0} = R and ¥, :S, — R by setting
@H = Ju(iu(u)) and ¥, = ﬁ/u‘Su'

Then we have the following result:

Lemma 4.2. Under the assumptions of Lemma 3.4, we have that for u > 0:
(i) ¥, € CYS,,R), and

(W, (w), v) = [[my(w) ]| (T (mpu(w)), v)  for v € Tu(Sy).

(1) {wn} is a Palais-Smale sequence for W, if and only if {m,(wy,)} is a Palais-Smale sequence
for . If {un} C My is a bounded Palais-Smale sequence for J,, then {my'(un)} is a
Palais-Smale sequence for U ,.

(i19) uw € S, is a critical point of W,, if and only if m,(u) is a critical point of J,. Moreover the
corresponding critical values coincide and

inf W = il T, = dy.
Remark 4.1. As in (3.5), from (i)-(iii) of Lemma 4.1, we can see that d, admits the following
mainimax characterization

d, = uénf Tu(u) = ueﬁlﬁf}{{o} max Tu(tu) = ulélgfu max Tpu(tu). (4.2)
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Lemma 4.3. Let {u,} C M, be a minimizing sequence for J,. Then, {u,} is bounded in Y, and
there exist a sequence {y,} C RN and constants R, > 0 such that

lim inf |up|?dz > 5 > 0.
oo Br(yn)

Proof. Arguing as in the proof of Lemma 3.3, we can see that {u,} is bounded in Y,. Now, in order
to prove the latter conclusion of this lemma, we argue by contradiction. Assume that for any R > 0
it holds

lim sup / |up|?dz = 0.
"0 yeRN JBr(y)
Since {uy} is bounded in Y, it follows from Lemma 2.1 that
u, — 0 in LY(RY)  for any t € (¢, q}). (4.3)
Fix £ € (0, p). Then, taking into account that {u,} C M, and (3.1), we have
0= <t7;i(un)vun>
> [U’R}g,p + [un]g,q +p [|UN‘£ + ‘un‘g] - 5%\5 - Cé’unm
> Cillunlls, + Collunllfg = Calunly,
and in view of (4.3) we have that ||uy,||, — 0. O
Now, we prove the following useful compactness result for the autonomous problem.
Lemma 4.4. The problem (AP,) has a positive ground state solution.

Proof. From (v) of Lemma 4.1, we know that d,, > 0 for each u > 0. Moreover, if u € M, verifies
Ju(u) = d,,, then m;l(u) is a minimizer of ¥, and it is a critical point of ¥,. In view of Lemma
4.2, we can see that u is a critical point of J,. Now we show that there exists a minimizer of
Julm,,- By applying Ekeland’s variational principle [44] there exists a sequence {v;,} C S, such that
U, (vn) — dy and W), (v,) — 0 as n — oco. Let u, = my(v,) € M,,. Then, thanks to Lemma 4.2,
Ju(un) — dy, and J(uy) — 0 as n — oco. Therefore, arguing as in the proof of Lemma 3.3, {u,} is
bounded in Y,, which is a reflexive space, so we may assume that u, — u in Y, for some v € Y.

In what follows, we show that jli(u) = 0. Consider the sequence

_ (@) — un(y) P (un(2) — un(y))

hn(x7y) - N+sp ’
|z —y| ¥
and let )
Ju(x) —u(y)P~*(u(z) — uly))
h(l‘,y) = N+sp ’
lz —y|

where p/ = - It is easy to check that {h,} is a bounded sequence in L? (R%N) with h, — h a.e.
p—1

in R2VN. Since LP (R?N) is a reflexive space, there exists a subsequence, still denoted by {h,}, such
that h, — h in L? (R?Y), that is

//Rw ho(z,y)g(x, y)dzdy — //R?N Wz, y)g(x,y)dady Vg € LP(R?V).

Then, for any ¢ € C°(RY), we know that

glz,y) = PD W) ppgany

|z —y| >
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and we can see that

[ o) = @) s 0l) = )
- |

T — y|N+sp

Ju(z) — w(y) P> (u(z) —u(y))(d(=) — o(y))
— //RQN dxdy.

|z — y|N+sp
In a similar way we can prove that

[ o) = o) -5 (0l) = ),
R2N

|z — y|N+sa

Ju(@) — u(y)|"*(u(z) — u(y))(s(z) — 8(y))
— //RQN dxdy.

|z — y| Vs

Since it is clear that
/ |t |* 20 d — / lu|'updz, forte {p,q},
RN RN
fuods— [ fwods
RN RN

and using the fact that (7, (u,), ¢) = 0n(1), we can deduce that (7} (u), ¢) = 0 for all ¢ € C2°(RY).
By the density of C2°(RY) in Y, we obtain that u is a critical point of 7.
Now, if u # 0, then u is a nontrivial solution to (AP,). Assume that v = 0. Then |u,|/, /4 0 in

Y,,. Hence, arguing as in the proof of Lemma 4.3 we can find a sequence {y,} C RY and constants
R, 3 > 0 such that

lim inf |up|?dz > 5 > 0. (4.4)

n— o0 BR(yn)

Now, let us define

Un(x) = un(x + yn)'

From the invariance by translations of RY | it is clear that ||, = |[un ||z, with t € {p,q}, so {&,}
is bounded in Y, and there exists ¥ such that v, — v in Y, 0, = v in LZTQC(]RN) for any m € [1, ¢¥)
and ¥ # 0 in view of (4.4). Moreover, J,,(0) = Ju(un) and J,(0,) = 0n(1), and arguing as before
it is easy to check that J,(9) = 0.

Now let u be the solution obtained from the previous study, and we prove that u is a ground state
solution. It is clear that d, < J,(u). On the other hand, from Fatou’s lemma we can see that

L, o L,
jﬂ(u) = ju(u) - 5<‘7M(u)’u> < I}F_l)lglof ju(un) - §<~7u(un)7un> =dy,
which implies that d,, = J,(u).

Finally we prove that the ground state obtained before is positive. Indeed, taking ©~ = min{u, 0}
as test function in (AP,), and exploiting (f1) and the following inequality

=y @ -y —y ) 2T -y [f VE=1,
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we can see that

[~ {7 p +HU7Hq
() — u(y) P2 (u(z) — u(y)) , _ ~ N
//Rmv |.CU— |N+sp (u™(z) —u"(y)) d$dy+/RN pwluP" un” dx
a2 (@) — ), L
//RQN |x_y|N+sq (u™(z) —u (y))dxdy+/IRN plu|T*uu” dr

= flwu  de=0
RN

which implies that v~ = 0, that is « > 0 in RV, Arguing as in the proof of Lemma 6.1 in [1], we
can prove that u € L>(R"), and thus, by Corollary 2.1 in [12], we deduce that u is continuous in
RM. In view of Lemmas 2.1 and 2.2 in [12], we can argue as in the proof of Theorem 1.1-(44) in [29]
to see that > 0 in RY. This completes the proof of lemma.

]

5. A FIRST EXISTENCE RESULT FOR (F%)

In this section we focus on the existence of a solution to (P:) provided that ¢ is sufficiently small.
Let us start with the following useful lemma.

Lemma 5.1. Let {u,} C N be a sequence such that Z.(u,) — ¢ and u, — 0 in X.. Then, one of
the following alternatives occurs:

(a) up — 0 in Xg;

(b) there are a sequence {y,} C RN and constants R, 3 > 0 such that

n—00

liminf/ |up|%dx > 5 > 0.
Br(yn)
Proof. Assume that (b) does not hold true. Then, for any R > 0, it holds

lim sup / |t |%dz = 0.
Br(y)

N0 yeRN
Since {uy} is bounded in X,, it follows from Lemma 2.1 that
u, — 0in LYRY)  for any t € (¢, ¢7). (5.1)
Now, we can argue as in the proof of Lemma 4.3 to deduce that ||u,|c — 0 as n — oc. g
In order to get a compactness result for Z., we need to prove the following auxiliary lemma.

Lemma 5.2. Assume that Voo < 0o and let {v,} C N: be a sequence such that I.(v,) — d with
v, — 0 in X.. If vy, A 0 in X, then d > dy,, where dy__ is the infimum of Jy., over My, .

Proof. Let {t,} C (0,00) be such that {t,v,} C My, . Our aim is to show that limsup,, _, oo t, < 1.
Assume by contradiction that there exist § > 0 and a subsequence, denoted again by {¢,}, such that

t, >1+6 forany n € N. (5.2)

Since {v,} C X; is a bounded Palais-Smale sequence for Z., we have that (Z.(vy),vn) = o,(1), or
equivalently

[Vn]f ) + [vn]l , + /RN V(e z)|vpPdx + /RN V(ex)|v,|%dx — /]RN f(vn)vp dox = o0, (1). (5.3)
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Since t,v, € My, , we also have that

f(tnvn)

A gy = (). 4
N (tpvg)a—1 & 0. (54)

B0, ]? 4 fon]?, + 21V, / lon P + Vi / (o |9dar — /
RN RN R

Putting together (5.3) and (5.4) we get
/ < ftnvn) _ _f(tn) >Ugdxg / (Voo — V(e 2)) 0| (5.5)
RN RN

(thvn)d=1 (v,)971

Now, using assumption (V') we can see that, given ¢ > 0 there exists R = R({) > 0 such that

V(ex) > Voo —(¢ for any |z| > R. (5.6)

From this, taking into account that v, — 0 in LY(Br(0)) and the boundedness of {v,} in X., we can
infer

/ (Voo — V(£ 2)) v |7da = / (Voo — V(£ 2))vn|dz +/ (Vo — V(£ 2)) v |%d2
RN Br(0) RN\BR(0)
<V [ ualtdac [ s
B(0) RV\Br(0)
< on(1) + CC. (5.7)

Combining (5.5) and (5.7) we have
f(tnvn) _ f(vn) v dr < o
/]RN <( ) ddx < op(1)+¢C. (5.8)

tnva) =t (0n)7

Since v, #* 0 in X, we can apply Lemma 5.1 to deduce the existence of a sequence {yn} C RY and
two positive numbers R, 8 such that

/ |op|Tdx > B > 0. (5.9)
Bg(yn

Let us consider 9, = v,(z + yn). Then we may assume that, up to a subsequence, 0,, — v in X,.
By (5.9) there exists € RY with positive measure and such that @ > 0 in Q. From (5.2), (f1) and
(5.8), we can infer that

FIA+0)T,)  f(in) I
O</Q<((1+5)ﬁn)‘“ (@n)“) mdx < o, (1) +¢C.

Taking the limit as n — oo and applying Fatou’s lemma, we obtain

F(A+0)0) _ /(@) 29 dx or an
O</Q<((1+6)f»)q1 (@)ql) dr < ¢C  for any ¢ >0,

and this is a contradiction.

Now, we consider the following cases:

CASE 1: Assume that limsup,,_,., t, = 1. Thus there exists {t,,} such that ¢, — 1. Taking into
account that Z.(v,) — ¢, we have

c+on(1) =Z(vy)
= IE(Un) - jVoo (tnvn) + jVoo (tnvn)
> ZE(Un) — jvoo (tnvn) + dvoo. (5.10)
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Now, let us point out that
Ie (Un) - jVoo (tnvn)

_ 1—1tp P 1t q 1 174 LV P
- [Un]s,p + T[Uﬂ}s,q + ]; RN ( (8 l’) —n OO) |UTL| €z (511)
1
+ / (V(ex) —tlVy) |vn|tdz + / (F(tpvn) — F(vy)) de.
q JRN RN

Using condition (V'), v, — 0 in LP(Br(0)), t, — 1, (5.6), and the fact that
V(ew) = Vo = (V(=2) — Vao) + (1= )Vie > —C + (1 — t8)Viy for any |a] > R

we get

|, o) - v s

- / (V(ea) — Vi) [onlPda + / (V(ea) — t2Vac) [va Pde
Br(0) RN\BRr(0)
> (Vo — Vi) / loalPda — ¢ (oalPder + Vi (1 — 12) / fonlPda
Br(0) RN\BRr(0) RN\BRr(0)
> op(1) — ¢C. (5.12)
In a similar fashion we can prove that
/ (V(ex) — tIVy) |vp|?dz > 0,(1) — (C. (5.13)
RN
Since {v,} is bounded in X, we can conclude that
1—th 11—t}
( . )[vn]f;p =o0,(1) and ( . )[vn]g,q =op(1). (5.14)
Thus, putting together (5.11), (5.12), (5.13) and (5.14) we obtain
T (vn) — Jv, (tnvn) > / (F(tpvn) — F(vy)) dz + 0,(1) — ¢C. (5.15)
RN

At this point, we aim to show that
/ (F(tpvn) — F(vy)) dz = 0,(1). (5.16)
RN

Applying the mean value theorem and (3.1), we deduce that

[ 1P n) = Pl do < Clty =11 [ JonlPde+ Clt =11 [ fonl"da.
RN RN RN
Exploiting the boundedness of {v,} we get the thesis. Gathering (5.10), (5.15) and (5.16), we can
infer that
c+on(l) > o0,(1) —CC +dy,

and taking the limit as ( —+0 we get ¢ > dy__.
CASE 2: Assume that limsup,,_,..tn = fo < 1. Then, there is a subsequence, still denoted by
{tn}, such that t, — to(< 1) and ¢, < 1 for any n € N. Let us observe that

o 0u(1) = Tu(un) = < (T2(o), )
(2o ol + [ (R o — Flon)) de (5.17)
< q RN \ ¢

b
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Recalling that t,,v, € My,_, and using (f5) and (5.17), we obtain

dVoo S jVoo (tnvn)

1
= jVoo (tnvn) - §<\.7\//oo (tnvn)a tnvn>

1 1 1
=== Ithoal? +/ < tnvn ) tnon — F(t,vn, > dx
(=2 ) sty + [ (G rttatntasn = Fitao)

< (3= 2Ylty + [ (Gotonn - Fo)) da

=c+ o,(1).

Taking the limit as n — oo we get ¢ > dy._. O

At this point we are able to prove the following compactness result.

Proposition 5.1. Let {u,} C N be such that Z.(uy) — ¢, where ¢ < dy,, if Voo < 00 and ¢ € R if
Voo = 00. Then {u,} has a convergent subsequence in X..

Proof. 1t is easy to see that {u,} is bounded in X.. Then, up to a subsequence, we may assume that

Uy — u in X,

U, — uwin L (RN)  for any m € [1,q}), (5.18)

loc

Up, — U a.e. In RY.

By using assumptions (f2)-(f3), (5.18) and the fact that C°(RY) is dense in X, it is standard to
check that Z/(u) = 0.
Now, let v,, = u, — u. By Lemma 2.6, we have

Iz—:(vn) = Is(un) - Iz—:(u) + On(l)
=c—TZ(u) + on(l) =d+ on(1). (5.19)

Now, we prove that Z/(v,) = o0,(1). For t € {p,q}, by using Lemma 2.3 with z, = v, and w = u,
we get

/ /R ACun) = A(vn) = A(w)|! dz = 0,(1), (5.20)

and arguing as in the proof of Lemma 3.3 in [36], we can see that

/N V(e 2)|[om]t20m — [tn]t2tm + [ult2u]" dz = on(1). (5.21)
R
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Hence, by using Holder inequality, for any ¢ € X; such that ||¢]/c < 1, it holds
(ZE(vn) — Zi(un) + Z2(w), @)

1
7

< ( / /R A ~ Afw) - A(u)l”'dmdy> " lelsw

1

q/

J [ 1AC) = At) = Al dady)” el
/ p/
V(e x)an|p_2vn — ]un]p_zun + \u|p_2u]p dx) (/ V(s:):)]cp\pdx)
N RN

/
/RN Vel enl ™ on = funl s + M“W’C”) q/ (/R V(ax)’@\qdaz);
b 10— Sun) + F)glde

and in view of (iv) of Lemma 2.6, (5.20), (5.21), Z.(uy,) = 0 and Z.(u) = 0 we obtain the thesis.
Now, we note that by using (f4) we can see that

B =

T(w) = T.(u) (11<I;(u), u) > 0. (5.22)

Assume Vo < oco. It follows from (5.19) and (5.22) that
d<c< Clvoo

which together Lemma 5.2 gives v, — 0 in X, that is u, — v in X..
Let us consider the case Vi, = co. Then, we can use Lemma 2.5 to deduce that v, — 0 in L™(R")
for all m € [p, ¢¥). This combined with assumptions (f2) and (f3) implies that

f(vp)vpdx = o (1). (5.23)
RN

Since (Z.(vy),vn) = o, (1) and applying (5.23) we can infer that
[onllZ = 0n(1),
which yields u,, — v in X,. O

We end this section by giving the proof of the existence of a ground state solution to (P.) whenever
€ > 0 is small enough.

Theorem 5.1. Assume that (V) and (f1)-(fs) hold. Then there exists eg > 0 such that, for any
e € (0,e9), problem (P.) admits a ground state solution.

Proof. From (v) of Lemma 3.5, we know that ¢. > p > 0 for each € > 0. Moreover, if u. € N; verifies
T.(ue) = ce, then mZ1(u.) is a minimizer of ¥, and it is a critical point of .. In view of Lemma
3.6, we can see that w. is a critical point of Z.. It remains to show that there exists a minimizer of
Z:|n.. By applying Ekeland’s variational principle [44], there exists a sequence {v,} C S, such that
U, (vy) = ¢ and WL(v,) — 0 as n — co. Let u, = me(vy) € M. Then, from Lemma 3.6, we deduce
that Z.(un) — ce, (ZL(un),un) = 0 and Z.(u,) — 0 as n — oco. Therefore, {u,} is a Palais-Smale
sequence for Z. at level c.. It is standard to check that {u,} is bounded in X, and we denote by u
its weak limit. It is easy to verify that Z/(u) = 0.
When V,, = oo, by using Lemma 2.5, we have Z.(u) = ¢. and Z(u) = 0.

Now, we deal with the case V < co. In view of Proposition 5.1 it is enough to show that ¢, < dy_,
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for small €. Without loss of generality, we may suppose that
V() =V = inf V(x).
(0) =V = inf V(z)

Let p € R be such that p € (Vp, V). Clearly, dy, < d,, < dy,,. Let us prove that there exists a
function w € Y, with compact support such that

Tu(w) = tfg{ju(tw) and  Jyu(w) < dy,. (5.24)

set Yr(z) = ¥(F) and we consider the function wg(r) = r(x)w"(z), where w* is a ground state

Let ¢ € C(RY,[0,1]) be such that ¢ = 1 in B1(0) and 1 = 2 in RV \ B2(0). For any R > 0, we
solution to (AF,). By Lemma 2.2 we can see that

ngnoo lwr — w"||sp + lwr — w"||s,q = 0. (5.25)

Let tg > 0 be such that J,(tpwgr) = max;>0 Ju(twgr). Then, tpwr € M,. Now we can see that
there exists 7 > 0 such that J,(t;wr) < dy, . Indeed, if J,(trwgr) > dy,, for any R > 0, using
trwg € M, (5.25) and w" is a ground state, we can deduce that tgp —1 and

dy,, < liminf j,u(tRwR) = ju(w“) =d, <dy,,
R— o0
which gives a contradiction. Then, taking w = ¥rw", we can conclude that (5.24) holds true.
Now, by (V'), we obtain that for some £ > 0
Viex)<pu forall x € suppw and ¢ € (0,2). (5.26)
Then, in the light of (5.24) and (5.26), we have for all € € (0,¢)

ng‘za(tw) < nlax Tu(tw) = Ju(w) < dy,,.

It follows from (3.5) that ¢. < dy,_ for all € € (0,&). O

6. MULTIPLE SOLUTIONS FOR (F:)

This section is devoted to the study of the multiplicity of solutions to (P-). We begin by proving
the following result which will be needed to implement the barycenter machinery.

Proposition 6.1. Let £, — 0 and {u,} C N, be such that I, (u,) — dy,. Then there exists
{Gn} C RN such that the translated sequence

'Un(x) = un(-r =+ gn)
has a subsequence which converges in Yy,. Moreover, up to a subsequence, {yn} = {en Un} is such

that y, —»y € M.

Proof. Since (I! (upn),un) = 0 and I, (u,) — dy,, we know that {u,} is bounded in X.. From
dy, > 0, we can infer that ||u,l|ls, # 0. Therefore, as in the proof of Lemma 5.1, we can find a
sequence {7,} C R and constants R, 8 > 0 such that

liminf/ |un|?dz > B. (6.1)
n—oo BR(gn)
Let us define

Un(2) = Un(x + Gn).
In view of the boundedness of {uy} and (6.1), we may assume that v, — v in Yy, for some v # 0.
Let {t,} C (0,00) be such that w,, = t,v, € My, and we set y, = &y, Yn.
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Thus, by using the change of variables z — x + ¢, V() >V, and the invariance by translation, we
can see that

dVo < ng (wn) < Isn (tnvn) < Ié:n (un) = dVo + OTL(l)

Then we can infer Jy, (wy,) — dy;,. This fact and {wy} C My, imply that there exists K > 0 such
that ||wy ||y, < K for all n € N. Moreover, we can prove that the sequence {t,} is bounded in R. In
fact, v, 4 0 in Yy, so there exists a > 0 such that ||v,||y; > «. Consequently, for all n € N, we
have

[tn]a < ”tnvnHVo = ||wn||Vo <K,

which yields [¢,| < % for all n € N. Therefore, up to a subsequence, we may suppose that ¢, —
to > 0. Let us show that ty > 0. Otherwise, if ¢z = 0, from the boundedness of {v,}, we get
Wy, = tpv, — 0 in Yy, that is Jy, (w,) — 0 in contrast with the fact dy, > 0. Thus ¢y > 0 and, up
to a subsequence, we may assume that w, — w = topv # 0 in Yy;.

Hence, it holds

Jv(wp) — dy,  and  w, = w # 0 in Yy,.

From Lemma 4.4, we deduce that w, — w in Yy, that is v,, = v in Yy;.

Now, we show that {y,} has a subsequence satisfying y, — y € M. Firstly, we prove that {y,} is
bounded in RY. Assume by contradiction that {y,} is not bounded, that is there exists a subse-
quence, still denoted by {y,}, such that |y,| — oco.

Firstly, we deal with the case Vo = co. By using {u,} C N, and a change of variable, we can see
that

/ V(ena + yn) ([onl? + [oal?)da

]RN

< [onl?, + [onl?, + / V(en + ) ([oal? + va])dz
RN

= f(un)un dr = f(vn)vn dx.
RN RN

By applying Fatou’s lemma and v, — v in Yy, we deduce that

oo = lim inf/ Vienz + yn)(Jonl? + |vn|?)dx < liminf f(vp)vpde = fw)vdr < oo,
RN RN

n—00 n—oo  JpN

which gives a contradiction.
Let us consider the case Vi, < co. Taking into account w, — w strongly in Yy;, condition (V') and
using the change of variable z = x + ¢,,, we have

dVo = jVo (w) < jvoo (w)

1 1 1 1
<liminf | —[wy]t , + —[wy]? +/ Vienx +yn <wnp+wnq> d:I:—/ F(w, dw]
Slunlzy + clunlty [ Vena o) (Sl + o [ Fw)

n—oo
R T T T
= hnn_1>1£ E[u”]&p + ;[un]&q + x Vien 2) E\un\ + E\un\ dz — ox F(tpuy)dz
= liminfZ, (tnu,) <liminfZ. (u,) = dy, (6.2)

which is an absurd. Thus {y,} is bounded and, up to a subsequence, we may assume that y,, — y.
If y ¢ M, then Vo < V(y) and we can argue as in (6.2) to get a contradiction. Therefore, we can
conclude that y € M. O
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Let 6 > 0 be fixed and let ¢ € C*°([0,+00), [0,1]) be a nonincreasing function such that ¢» = 1 in
[0,2], ¢ = 01in [§,00) and |¢/| < C for some C' > 0. For any y € M, we define

)
I e §

3

where w € Xy is a ground state solution to (APy,) which there exists thanks to Lemma 4.4.
Let t. > 0 be the unique positive number such that

Le(tYey) = Ig*g( Z-(tTey)
and define the map ®. : M — N; by setting ®.(y) := t.Y.,. Then we can prove that
Lemma 6.1. The functional ®. satisfies the following limit

lin(l)l'e(@g(y)) = dy, uniformly iny € M. (6.3)
e—

Proof. Assume by contradiction that there exist dg > 0, {y,} C M and &,, — 0 such that
... (D2, (yn) — dvy| > o. (6.4)

Let us observe that Lemma 2.2 and the dominated convergence theorem imply
Cersnllpt [ Ve Ve Pdzsfult, + [ Vilwl do (65
RN RN
and

Yerally + [ Viena) Vet dolult, + [ Valultdo (6.6

Since (ZZ, (e, Ye,yn)s ten Yeny,) = 0, We can use the change of variable z = =222 to see that

[t5n Ténﬂn]sp + [tan Tanayn]g,q + /N V(@n x) (’tén’r%,yn ’p + ’t5n TEannP) dx
R

= f(ten En)tEnTEndx

/ fte, (| en 2)w(2))te, ¥ (| en 2w (2) dz. (6.7)

Now, we prove that t,, — 1. Firstly we show that t., — tp < co. Assume by contradiction that
|te,| — oo. Then, using the fact that ¢(|z|) = 1 for z € B;(0) and that Bs(0) € B_s (0) for n
2 2 2en

sufficiently large, we can see that (6.7) and (f5) give

tgn_q[TEnyyn]ZS),p + [Tan,yn]g,q + /IR{N Ven) (t§;q|Tsn,yn|p + |T€n,yn‘q) dx

> [ St s> eI [ ey (©8)
By (0) (te,w(2))771 (te,w(2))e1 B3 (0)

where z € RY is such that w(z) = min{w(z) : |z| < g} > 0 (remark that w € C(RY) and w > 0

in RY). Putting together (f1), p < ¢, t., — oo, (6.5) and (6.6), we can see that (6.8) implies that

1 e, um ||€/ 4 — 00, which gives a contradiction. Therefore, up to a subsequence, we may assume that

te, — to > 0. If tg = 0, we can use (6.5), (6.6), (6.7), p < g and (f2), to get

HT57uyn H?/,p — 07
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that is a contradiction. Hence, tg > 0. Now, we show that ¢ty = 1. Letting n — oo in (6.7), we can
see that

_ - [ (tow)
p—ay, 1p q P=aj,,|p 9 gy — q
to W]k, + W], +/sz Vo(ty Y|w|Pdz + |w|?) dz /]RN (tow)q—lw dx. (6.9)
Since w € My, we have
[w]E , + W], + / Vo(lw|Pdz + |w|?) dz = flw)wdz. (6.10)
RN RN

Putting together (6.11) and (6.10) we find

@ = lty+ @ -0 [ epdo= [ (0 T e e

By (f5), we can deduce that ¢ty = 1. This fact and the dominated convergence theorem yield

lim F(te,Ye, y,)dx = / F(w) dx. (6.12)

n—o0 RN RN

Hence, taking the limit as n — oo in

2 » 1, ‘
Z.,(®c, (yn)) :?[Tsnvyn]s,p + ?[T€nayn]8,q
2 td
+ V(En fE) 7‘T5n,yn‘p + 7‘T5n,yn‘q dx
RN p q
— F(t.,Ye, y.) dx

RN
and exploiting (6.5), (6.6) and (6.12), we can deduce that

nh_{%o I, (P, (yn)) = Ty (w) = dy;
which is impossible in view of (6.4). O
Now, we are in the position to introduce the barycenter map. We take p > 0 such that M;s C B,(0),
and we set xy : RY — RY as
(2) x i |z| < p,
xr) = .
X % if |z| > p.
We define the barycenter map f. : No — R as follows
Jen x(e ) (Jul? + [u]?) da
Be(u) =
Jen ([ulP + ul?) dz
Lemma 6.2. The functional ®. verifies the following limit

lin% B:(®(y)) =y uniformly in y € M. (6.13)
E—

Proof. Suppose by contradiction that there exist dg > 0, {y,} C M and €, — 0 such that
B2 (Pe,, (Yn)) — yn| = do- (6.14)

En T—Yn
En

Using the definitions of ®¢, (yn), Be,, ¥ and the change of variable z = , we can see that

N Jew [X(en 2 + yn) = ynl (19 (| en 2w (2)P + [¥(| en 2w (2)]7) d2
Jen ([U(|en 2w (2)P + ¥ (] n 2)w(2)]) dz

Taking into account {y,} C M C B,(0) and the dominated convergence theorem, we can infer that
|Ben (Pe (yn)) = Yn| = on(1)

Ben (Pe,, (Yn)) = Yn
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which contradicts (6.14). O

At this point, we introduce a subset N of NV by taking a function i : R — R such that h(e) =0
as € — 0, and setting

Ne = {ueN:: I.(u) < dy, + h(e)},
where h(e) = supyeps [Ze(Pe(y)) — dvy|. By Lemma 6.1, we know that h(e) -0 as ¢ — 0. By

definition of h(e), we deduce that for all y € M and & > 0, ®.(y) € N. and N # 0. Moreover, we
have the following lemma.

Lemma 6.3. For any § > 0, there holds that

lim sup dist(B:(u), Ms) = 0.
€—>0uej\~[5

Proof. Let €, — 0 as n — oo. For any n € N, there exists {u,} C /\~f€n such that

sup inf —y| = inf —y| + on(1).
ue}g yg}%lﬁan@) Y| yg}%lﬁan(un) y| + 0, (1)

Therefore, it suffices to prove that there exists {y,} C Ms such that
lim [z, (un) — yn| = 0. (6.15)

n—o0

Thus, recalling that {u,} c N., C A.,, we deduce that
dy, < ¢, <ZI, (un) <dy, + h(gn)

which implies that Z., (u,) — dy,. By Proposition 6.1, there exists {§,} C R" such that y, =
enUn € Mj; for n sufficiently large. Thus
L Jrvlx(enz +yn) = yn](fun(z + Gn) P + Jun(z + Gn)l) d

Jen ([un(z + Gn) [P + [un(z + §n)]9) dz

Since uy, (- + Un) strongly converges in Yy, and €,z + y, — y € M, we deduce that S, (u,) =
Yn + 0n (1), that is (6.15) holds true. O

Ban (Un) = Un

Now we show that (P.) admits at least cat s, (M) solutions. In order to achieve our aim, we recall
the following result for critical points involving Ljusternik-Schnirelmann category. For more details
one can see [19].

Theorem 6.1. Let U be a CY' complete Riemannian manifold (modelled on a Hilbert space). Assume
that h € C*(U,R) is bounded from below and satisfies —oo < infy h < d < k < oo. Moreover, suppose
that h satisfies the Palais-Smale condition on the sublevel {u € U : h(u) < k} and that d is not a
critical level for h. Then

card{u € h% : Vh(u) = 0} > catpa(h?),
where h = {u € U : h(u) < d}.
With a view to apply Theorem 6.1, the following abstract lemma provides a very useful tool in that

it relates the topology of some sublevel of a functional to the topology of some subset of the space
RY; see [19].

Lemma 6.4. Let Q,Q1 and Qo be closed sets with Q1 C Qo and let m : Q—Qq, ¥ : Q1 —Q be
continuous maps such that w o 1 is homotopically equivalent to the embedding j : Q1 — Qo. Then
catqa () > catq,(21).
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Since N is not a C!' submanifold of X,, we cannot directly apply Theorem 6.1. Fortunately, from
Lemma 3.5, we know that the mapping m. is a homeomorphism between N, and S, and S, is a C!
submanifold of X.. So we can apply Theorem 6.1 to V. (u) = Z. (e (u))|s. = Zc(m:(u)), where U,
is given in Lemma 3.6. In the light of the above observations, we are ready to give the proof of the
main result of this work.

Proof of Theorem 1.1. For any ¢ > 0, we define o : M — S, by setting a.(y) = m-1(®.(y)). By
using Lemma 6.1 and the definition of W., we can see that

i1_r)r[1) U (ae(y)) = il_f}I(l)Is((I)s(y)) =dy, uniformly in y € M.

Set S, := {w € S, : U (w) < dy, + h(e)}, where h(e) = supyenr [Ve(ae(y)) — dyy| =0 as e = 0.
Thus, o (y) € S. for all y € M, and this yields S, # 0 for all € > 0.

Taking into account Lemma 6.1, Lemma 3.5, Lemma 3.6 and Lemma 6.3, we can find € =5 > 0
such that the following diagram

~ -1 ~
MENS S ™ N5 M
is well defined for any € € (0,€). By using Lemma 6.2, there exists a function 6(e, y) with |0(e, y)| < %
uniformly iny € M, for all € € (0,&), such that 5.(P.(y)) = y+0(e,y) for ally € M. Then we can see
that H(t,y) = y+(1-t)0(e, y), with (¢,y) € [0, 1]x M, is a homotopy between S;o®. = (S:omc)oae
and the inclusion map id : M — M;. This fact and Lemma 6.4 imply that catg (S:) > catp,(M).

On the other hand, let us choose a function h(e) > 0 such that h(¢) — 0 as ¢ — 0 and such that
dy, + h(e) is not a critical level for Z.. For € > 0 small enough, we deduce from Proposition 5.1 that

T, satisfies the Palais-Smale condition in ./\N/'E. So, by (ii) of Lemma 3.6, we infer that W, satisfies
the Palais-Smale condition in S.. Hence, by using Theorem 6.1, we obtain that W. has at least

calg_(Se) critical points on Se. Then, in view of (iit) of Lemma 3.6, we can infer that Z. admits at
least catpr, (M) critical points. O
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