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MULTIPLICITY AND CONCENTRATION RESULTS FOR A CLASS OF
CRITICAL FRACTIONAL SCHRODINGER-POISSON SYSTEMS VIA
PENALIZATION METHOD

VINCENZO AMBROSIO

ABSTRACT. We deal with the multiplicity and concentration of positive solutions for the following
fractional Schroédinger-Poisson type system with critical growth:

e (=A)Yu+ V(z)u+ du= f(u) +|u/*>"2u  inR3,

e (-A)'¢ = u? in R?,
where € > 0 is a small parameter, s € (%, 1), t € (0,1), (=A)“, with « € {s,t}, is the fractional
Laplacian operator, V' is a continuous positive potential and f is a superlinear continuous function
with subcritical growth. Using penalization techniques and Ljusternik-Schnirelmann theory, we
investigate the relation between the number of positive solutions with the topology of the set
where the potential attains its minimum value.

1. INTRODUCTION

In this paper we focus our attention on the multiplicity and concentration of positive solutions
for the following critical fractional nonlinear Schrodinger-Poisson system:

e25(=A)u+ V(z)u+ ¢u = f(u) + [u/»2u  in R3, 11
52t(_A)t¢:u2 in R?)’ ( . )

where € > 0 is a small parameter, s € (%, 1),t€(0,1), 2% = % is the critical Sobolev exponent,
and (—A)?®, with a € {s,t}, is the fractional Laplacian operator which may be defined for any
u : R?* = R belonging to the Schwartz class by

u(z) —u

(—=A)*u(z) = C(3,a)P.V. /RS mdy (x € RY),
where P.V. stands for the Cauchy principal value and C(3, «) is a normalizing constant; see [16].
It is well-known that the study of elliptic equations driven by fractional powers of the Laplacian
has received an enormous interest from the mathematical community because nonlocal problems
arise in many physical situations in which one has to consider long-range or anomalous diffusions.
Moreover, (—A)“ appears as the infinitesimal generator of a Lévy process [9]. For more details
and applications we refer the interested reader to [16, 28] and references therein.
Along the paper we will assume that the potential V : R? — R is a continuous function satisfying
the following hypotheses introduced by del Pino and Felmer in [15]:
(V1) there exists V > 0 such that Vy = inf cps V(z),
(V) there exists a bounded open set A C R? such that

Vb<ng}\nVandM:{xEA:V(x):VO}#@.
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2 V. AMBROSIO

Concerning the nonlinearity f : R — R we assume that it is a continuous function such that
f(t) =0 for t < 0 and satisfies the following conditions:

(f1) f(t) = o(t?) ast — 0,

(f2) there exist q,0 € (4,2%), Cp > 0 such that

f(t) > Cot?™t ¥t >0, lim ) _ 0,

t—oo o1

(f3) there exists ¥ € (4,0) such that 0 < 9F(t) < tf(¢t) for all ¢t > 0,
(f4) the map t — % is increasing in (0, 00).

We note that when ¢ = 0, then (1.1) reduces to a fractional Schrodinger equation [26] of the type
e (=A)*u+ V(x)u = h(x,u) in R, (1.2)

which has been widely investigated by many authors in the last two decades; see [5, 17, 19,

, 34, 30] and references therein. Felmer et al. [19] dealt with the existence, regularity and
symmetry of positive solutions to (1.2) when V' =1 and h is a subcritical nonlinearity satisfying
the Ambrosetti-Rabinowitz condition [1]. Secchi [31] studied (1.2) under suitable assumptions
on the behavior of the potential V' at infinity. Shang et al. [30] established some existence and
multiplicity results for a fractional Schrodinger equation with critical growth and requiring the
following global assumption on the potential V' introduced by Rabinowitz [32]:

Voo = liminf V(z) > Vy = inf V(z) > 0. (1.3)
|z|—o0 RN

Alves and Miyagaki [3], by means of the penalization technique and the extension method [14],
focused on the existence and concentration of positive solutions to (1.2) when V verifies (V1)-(V2)
and h is a subcritical nonlinearity. Subsequently, the multiplicity and concentration of positive
solutions to (1.2) with V' verifying (V7)-(V2), have been considered for critical and supercritical
nonlinearities; see [0, 24]. We also mention the papers [ 1, 35] for some interesting results about
critical problems in bounded domains and [7, &] for critical fractional periodic problems.

We observe that if s =¢ =1, system (1.1) becomes the classical Schrodinger-Poisson system

—e2 Au+V(z)u+ ppu = g(u) in R3,
— 2 Ap =u? in R3,

which describes systems of identical charged particles interacting each other in the case that
effects of magnetic field could be ignored and its solution represents, in particular, a standing
wave for such a system. For a more detailed physical description of this system we refer to [12].
Concerning some classical existence and multiplicity results for Schrodinger-Poisson systems we
quote [10, 22, 23, 33, 10, 13]. For instance, Ruiz [33] gave some existence and nonexistence
results to (1.4) when g(u) = w?, p € (1,5) and p > 0. Azzollini et al. [10] investigated the
existence of nontrivial solutions when g verifies Beresticky-Lions type assumptions. Wang et al.
[10] considered the existence and concentration of positive solutions to (1.4) involving subcritical
nonlinearities. He and Li [23] obtained an existence result for a critical Schrédinger-Poisson
system, assuming that the potential V satisfies (V1)-(V2).

In the fractional scenario, only few results for fractional Schrodinger-Poisson systems are avail-
able in literature. Giammetta [21] studied the local and global well-posedness of a fractional
Schrodinger-Poisson system in which the fractional diffusion appears only in the second equa-
tion in (1.1). Teng [39] analyzed the existence of ground state solutions for (1.1) with critical
Sobolev exponent, by combining Pohozaev-Nehari manifold, arguments of Brezis-Nirenberg type,
the monotonicity trick and global compactness Lemma. In [12] Zhang et al. used a perturbation
approach to prove the existence of positive solutions to (1.1) with V(z) = p > 0 and ¢ is a

(1.4)



FRACTIONAL SCHRODINGER-POISSON SYSTEMS 3

general nonlinearity having subcritical or critical growth. They also investigated the asymptotic
behavior of solutions as g — 0. Liu and Zhang [27] studied multiplicity and concentration of
solutions to (1.1) when the potential V satisfies (1.3). Murcia and Siciliano [30] showed that, for
suitably small e, the number of positive solutions to (1.1) is estimated below by the Ljusternik-
Schnirelmann category of the set of minima of the potential.

Motivated by the above papers, in this work we aim to study the multiplicity and concentration of
solutions to (1.1) under the local conditions (V7)-(V2) on the potential V' and assuming (f1)-(f1)
for the nonlinearity f. In order to state precisely our main result, we recall that if Y is a given
closed set of a topological space X, we denote by caty (Y') the Ljusternik-Schnirelmann category
of Y in X, that is the least number of closed and contractible sets in X which cover Y; see [11]
for more details. Then we are able to prove the following result:

Theorem 1.1. Assume that (V1)-(Va) and (f1)-(f1) hold. Then, for any § > 0 such that
Ms = {x € R®: dist(x, M) < §} C A,

there exists e5 > 0 such that problem (1.1) admits at least catpr (M) positive solutions in He X
D%2(R3). Moreover, if (uc, ¢c) denotes one of these solutions and x. € R? is a global mazimum
point of u., then

lim V(z:) = W,

e—0

and there exists C > 0 such that

CE3+25
0<us(z) <
5( ) — g3+2s + |1’ _ x5|3+25

for all z € R3.

In what follows we give a sketch of the proof of Theorem 1.1 which is obtained applying ap-

propriate variational arguments. Firstly, the lack of information about the behavior of potential
V' at infinity is overcame considering a modified problem in the spirit of the penalization method
introduced by del Pino and Felmer in [15] (see also [1, 2]); see Section 3. Since the nonlinear-
ity f is only continuous, we cannot apply standard Nehari manifold arguments developed, for
example, in [2, 27, 22, 30], and for this reason we make use of some variants of critical point
theorems due to Szulkin and Weth [38]. We recall that a similar approach has been adopted
in [20] to study the multiplicity and concentration behavior of positive solutions for a subcriti-
cal Kirchhoff problem. Anyway, the presence of two fractional Laplacian operators and critical
Sobolev exponent makes our analysis more complicated and intriguing with respect to the ones in
[20] and new arguments will be needed to attack our problem. Moreover, in order to cover some
compactness properties for the functional 7. associated to the modified problem, we invoke the
Concentration-Compactness Lemma for the fractional Laplacian [17, 31]. Since we are interested
in obtaining multiple critical points, we use a technique introduced by Benci and Cerami [!3],
which consists in making precise comparisons between the category of some sublevel sets of J.
and the category of the set M. Finally, we show that the solutions of the modified problem are
also solutions to (1.1), by combining a Moser iteration technique [29] conveniently adapted in the
fractional setting and some useful estimates for Bessel operators established in [3, 19].
The paper is organized as follows. In Section 2 we recall some lemmas which we will use along
the paper. In Section 3 we introduce the functional setup. In Section 4 we establish an existence
result for the modified problem. In Section 5 we deal with the autonomous problem associated
with (1.1). In Section 6 we introduce some tools needed to obtain a multiplicity result for the
modified problem. In the last section we provide the proof of Theorem 1.1.



4 V. AMBROSIO

2. PRELIMINARIES

We start giving some notations and collecting some useful preliminary results on fractional

Sobolev spaces; see [106, 28] for more details.

If A C R3 we denote by |u|pa(4) the LI(A)-norm of a function u : R* — R, and by |uly its

L%(R3)-norm. Let us define D* 2(Rg’) as the completion of C°(R3) with respect to

’2
o = f S

Then we consider the fractional Sobolev space
H3(R3) = {u € L*(R3) : [u] < oo}
endowed with the norm
lull® = [u]® + [ul3.
We recall the following main embeddings for the fractional Sobolev spaces:

Theorem 2.1. [16] Let s € (0,1). Then H*(R3) is continuously embedded in LP(R3) for any

€ [2,2%] and compactly in L} (R3) for any p € [1,27).

The following lemma is a version of the well-known concentration-compactness principle:

Lemma 2.1. [19] If {uy }nen is a bounded sequence in H*(R3) and if
lim sup/ [up |2 dz = 0
"% yeR3 J Br(y)

where R > 0, then u, — 0 in L"(R3) for all r € (2,2%).

We also recall the following useful technical result.

Lemma 2.2. [31] Let u € D**(R3). Let ¢ € CX(R3) and for each r > 0 we define ¢, (z) =
o(x/r). Then, [up,] — 0 as r — 0. If in addition ¢ = 1 in a neighborhood of the origin, then

[upr] = [u] as r — co.
Now, let s,t € (0,1) such that 4s + 2t > 3. Using Theorem 2.1 we can see that
H*(R®) € L77 (R®).
For any u € H*(R?), the linear functional £, : D*?(R3?) — R given by

L,(v) = /RS u?v dx

is well defined and continuous in view of Holder inequality and (2.1). Indeed
342t

_12 6 o i 5
o)l < / |75 / ofide ) < Cllullollpra,
R3 R3
fo(x) — v(y)P
HfU”Di2 // |,I _ |3+2t o AT dy

Then, by the Lax-Milgram Theorem there exists a unique ¢!, € D?(R?) such that
(=A) ¢! = u? in R®.

Therefore, we obtain the following ¢-Riesz formula

2
u(y) 3.
é (z) = ¢ /R3 P dy (zeR?), ¢=m227%

where

(3 - 2t)
I'(t)

(2.1)

(2.2)

(2.3)
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In the sequel, we will omit the constant ¢; in order to lighten the notation. Finally, we state the

following useful properties whose proofs can be found in [27, 39]:

Lemma 2.3. If 4s + 2t > 3, then for all u € H*(R3) we have:
(1) [dhllpre < Clul?s, < Cllull? and fps ¢l ude < Cilulty, . Moreover ¢, : H*(R?) — D"*(R?)
3¥2t 342t

is continuous and maps bounded sets into bounded sets;

(2) ¢, >0 in R?;

(3) ify € R? and u(x) = u(x +y) then ¢4 (x) = ¢l (x +y) and [ps PhuPde = [ps ol ulda;
(4) ¢, =1r2¢L for all v € R;

(5) if up — u in H*(R®) then ¢!, — ¢! in D"*(R3);

(6) if up — u in H*(R3) then [ps ¢!, u?de = [ps Iéu,ﬁu)(“n —u)?dz + [ ¢l uldz + 0, (1).
(7) if un — uw in H*(R3) then ¢!, — ¢!, in D"?(R3) and [ps ¢!, udx — [ps ¢l u’de.

3. FUNCTIONAL SETTING

In order to study (1.1), we use the change of variable x — ¢ x and we will look for solutions to

{ (=AY u+V(ex)u+ ¢tu = f(u) + |u|/>2u in R3,

u€ H¥(R3), u>0inR3 (3.1)

where ¢!, is given by (2.3). In what follows we introduce a penalization function [15] which will
be useful to obtain our results.
Let K > 2 and a > 0 such that f(a) +a%~! = %a and we define

20 [ fO+EHETL ift<a
f(t)_{‘]’gt ift > a,

and
g(w,t) = xa(@)(F(t) + ()= + (1 = xa (@) F (D).

It is easy to check that g satisfies the following properties:

(g1) limy_o 2 (fgt) = 0 uniformly with respect to z € R3,

(g2) g(z,t) < f(t) +t% " forallz € R3, t > 0,
(g3) (i) 0 <IG(x,t) < g(z,t)t for all z € A and ¢t > 0,
(i) 0 < 2G(z,t) < g(z,t)t < Y212 for all z € R\ A and ¢ > 0,

(g4) for each x € A the function ¢ (fg’t) is increasing in (0, c0), and for each x € R3\ A the function

) -
% is increasing in (0, a).

Let us consider the following modified problem
(—A)u+V(ez)u+ ¢Lu = glex,u) in R3,
u € H*(R3), wu>0inR3

(3.2)
It is clear that weak solutions to (3.2) are critical points of the following functional

1 1
JTe(u) = 5”“”2 + 1 /RS Pl utdr — - G(ex,u)dx,

defined for all u € H, where

He = {u € H*(R?) : / V(e x)ulde < oo}
R3
is endowed with the norm
[|ul? = [u)? —I—/ V(e z)udz.
RB
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Obviously, H. is a Hilbert space with inner product

[ ()~ u) ) — o) )uvds

|33 _ y‘3+25

We also note that J. € C'(H.,R) and its differential is given by
(TL(u),v) = (u,v). —i—/ B uv —/ glex,u)vdx Vu,v € H,.
R3 R3

Let us introduce the Nehari manifold associated to (3.2), that is,

NS - {'LL S H€ \ {O} : <._7€/(’U,),’U,> = 0}7
and we denote by

HE = {u € H.:|supp(u™)NA| >0}
and ST = S, NHT, where S; is the unitary sphere in H.. Then H. = T,ST & Ru and T,ST =
{v € Hc: (u,v). = 0}. Let us note that J. satisfies the following properties:

Lemma 3.1. The functional J:. has a Mountain-Pass geometry:
(a) there exist a, p > 0 such that J-(u) > a with ||ulle = p;
(b) there exists e € He such that ||e|lc > p and J-(e) < 0.

Proof. (a) Taking into account (g1), (g2), (f2), for any £ > 0 we can find C¢ > 0 such that

*
25
e

1 1
Fetw) = gl = [ Glewwdo > Gl —<Clul = CeCllu

Then there exist a, p > 0 such that J.(u) > a with |jull. = p.
(b) In view of (g3)-(i) and Lemma 2.3-(4), we can see that for any u € HF and 7 > 0

o T ¢ 9
Je(Tu) < ?HUHe + 1 s P u dr — » G(ex,Tu)dz
-2 -4
<Gl + T [ otds— [ Glewru)da
e T 2 E 9 W
<D+ T [ dalde—ur” [ @) do+ Colsupp(ut) AL (33
R Ae

for some positive constants C7 and Ca. Since ¥ € (4,2%), we get J-(Tu) = —o0 as 7 — +o00. O

Since f is only continuous, the next results will be crucial to overcome the non-differentiability
of M and the incompleteness of S7.

Lemma 3.2. Assume that (V1)-(Va2) and (f1)-(f1) hold true. Then,
(i) For each u € HT, let hy : RT — R be defined by hy,(t) = J-(tu). Then, there is a unique
ty > 0 such that

R, (t) > 0 in (0,t,)
R, (t) < 0 in (ty,00);

(i) there exists T > 0 independent of u such that t, > T for any uw € ST. Moreover, for each
compact set K C ST there is a positive constant Cx such that t,, < Cx for any u € K;

(i1i) The map m. : HX — N. given by m.(u) = tyu is continuous and m. := Melg+ s a

— u .

= Tulle’

(iv) If there is a sequence {up, tneny C ST such that dist(uy, dST) — 0, then ||me(uy)||: = oo and
Te(me(up)) — oo.

homeomorphism between ST and Nz. Moreover mz*(u)
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Proof. (i) We note that h, € C*(R*,R), and in view of Lemma 3.1, we can see that h,(0) = 0,
hy(t) > 0 for t > 0 small enough and h,(t) < 0 for ¢t > 0 sufficiently large. Then there exists
ty > 0 such that h] (t,) = 0 and t, is a global maximum for h,. This implies that t,u € A.
Now, we show the uniqueness of a such t,. Suppose by contradiction that there exist ¢t; > t2 > 0
such that hl,(t1) = hl,(t2) = 0, that is

tﬂ]u”?—i—t?/ QSZude:/ g(ex, tiu)udx (3.4)
R3 R3

t2||u|]g+t§/ d)fbqu:E:/ g(ex, tou)u dz. (3.5)
R3 R3

Using (g4) we can see that

1 1 glex,tiu) g(ex,tou)
2 4
- — = | = — dx
HUHE <t% t%) /Rs [ (tlu)3 (t2u)3 Y

glez, tiv)  g(ex, tou) ity glez, tiv)  g(ex, tou) wrdy
I e el R M el el

glew,tiu) glew, tau) urda
AMJ (fru)? awﬁ} ¢

/ [g(s 1‘,t§u) gl a:,tiu)} A
(BINA)N{tausa) L (L100) (tau)

+/ |:g(51"7téu) i g(eaz,ti’u)} U4d.’13
(RIA)N{t2u<a<tiu} L (L10) (tau)

+/ [9(”’2)“) - 9(”’%“)} wldy = T+ IT+111.
®N\A)N{tu<a) L (L100) (tau)

Let us observe that 111 > 0 in view of (g4) and ¢; > t3. Taking into account the definition of g,
we have

Vv

Vo 1 Vo 1
I> / [02 — 02} uldz
®3\A)N{tzusa) LK (iu)? K (t2u)
1 1 1

==|l5—-= Vou2d:L‘.
K (t% t%) /(R3\Ag)ﬂ{t2u>a}

Concerning 11, from the definition of g and (g2), we can infer

2% 1
I1I > / {Vo ! 5~ S(tau) + (tiu) } utdz.
(R3\A)N{tzu<a<tiu) LK (t1u) (tau)

Therefore we get

1 1 1 1 1
i (7-%) 2% (3-3) [ Voulda
1t K \t1 t5) J®3\Ao)n{tausa}

W 1 f(tau) + (t2u)2‘:1] utde.

o |
(R3\Ao)N{tau<a<tiu} K (tlu)2 (tQU)?’
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. . 1242 . f(a) 22 _ W :
Multiplying both sides by ;»*%; < 0 and recalling that ==~ 4+ a*7° = 2, we obtain
2 1

E 1 f(tQ'LL) + (tQU)Q:_l

1 212
||UH2 < = %Ude+ 12 / |:
° T K Jma\ao)n{tsusal t5 — 17 J@3\A) N {tau<a<tiuy LK (t1u)? (tau)?

1
< — Vouldx
K J®3\A)n{tau>a}

t2 Vi t2 t tou)2s 1
_222/ Ouzdx+212/ f(tau) + (t2u) W2da
11 — t5 Jea\A)N{tau<a<tiu} K 17 — 15 J®3\A)N{tzu<a<tiu} tau

1 1
< = Vouldr < — ||lul|?.
_KWMMoux_me

Then we can use the facts © # 0 and K > 2 to get a contradiction.
(17) Let u € ST. By (i) there exists t,, > 0 such that Al (¢,) = 0, or equivalently

ty + ti/ Pl utdr = / glez, tyu)udz. (3.6)
R3 R3
In the light of (g1) and (g2), given £ > 0 there exists a positive constant Cg¢ such that
lg(w,t)| < &L+ Celt|>~t,  for every t € R.
From (3.6) and applying Theorem 2.1 we can see that
ty < ESCY + CetZ ™10y,

which implies that there exists 7 > 0, independent of u, such that ¢, > 7. Now, let K C ST be
a compact set and we show that ¢, can be estimated from above by a constant depending on K.
Assume by contradiction that there exists a sequence {uy}neny C K such that ¢, := t,, — oo.
Therefore, there exists u € K such that u,, — u in H.. In view of (3.3), we get

ja(tnun) — —00Q. (37)

Fix v € N.. Then, using the fact that (J/(v),v) = 0, and assumptions (g3)-(i) and (g3)-(ii), we
can infer

9—4 1
= (%) i+ (%) [ otwtae 5 [ latem o o6 )
(

1
)
Y —2 1
> (%57 ) ol + 5 [ Jotem oy = 06 (e )
Y —2 1
2_ e - 2
( Mm (M)K@Wmew

> (557) (1- ) 1ot (3.8)

Taking into account that {t,, un }neny C Nz and K > 2, from (3.8) we deduce that (3.7) does not
hold, that is an absurd.

utdx
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(iii) First of all, we observe that m., m. and m_! are well defined. In fact, by (i), for each u € HF
there exists a unique 1m.(u) € M. On the other hand, if u € N, then u € HI. Otherwise, if
u ¢ HT, we have

| supp(u+) NA]| =0,

which together with (¢3)-(ii) gives

lull? + / ohude = / o 2 ut) 't da
RS R3\Ae

1 1
< 7 o V(e x)ulde < EHUH? (3.9)

I F( 15

and this leads to a contradiction because K > 2. Accordingly, m_t(u) = Tl € SE, mzt is well

defined and it is a continuous function. Now, take u € S} and we have

_ _ tuU U
e me(1) = m ) = L Tl
u € €

from which we deduce that m,. is a bijection. Next, we show that m. is a continuous function.
Let {up}tneny € HT and u € HZ be such that u, — w in H.. Since m(tu) = m(u) for all ¢ > 0,
we may assume that |lu,|l: = ||ul]|lc = 1 for all n € N. Then, in view of (ii), we can find t; > 0
such that ¢, := t,, — to. Since t,u, € Nz, we obtain

2 2 4 £ / ¢, wldr = / o(e @, tutn) by de,
R3 R3

and taking the limit as n — oo we get

t%\|u||§+té/ ¢Zu2d$:/ g(ex, tou) tou dx
R3 R3

which yields tgu € N; and t, = to. Therefore,

A~

Me(un) — me(u) in He,

and 7. and m. are continuous functions.
(iv) Let {un}nen C ST be such that dist(u,,dST) — 0. Observing that for each p € [2,2%] and
n € N it holds

+ .
[uy [ras) < velggj [un — v|pp(a.)

<Cp inf |up—vle,
vedST

£
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by (g1), (g2), and (g3)-(ii), we can infer that for all £ > 0

G(ex,tuy) de = / G(ex,tuy)de+ [ G(ex,tuy)dx
R3
2*

R3\A. Ac
s

2
< L V(e x)uldx —|—/ F(tuy,) + —
K R3\ A, < s

t2 . .
el Catt [yt v €t [ (o
A Ae

IN

2

t * *
=+ Ot dist (uy,, ST + Cht%= dist (uy,, dST)?

IN

from which, for all ¢ > 0
2

t
limsup | G(ex,tu,)dr < e (3.10)

n—o00 R3

Recalling the definition of m.(u,) and using (3.10) we get
lirginf Te(tuy) > liH_l}inf T=(me(un))

> hm 1nf [HunH2 / oL, uidr — G(e x, tuy,) de}

1 1Y),
> (- = )¢
—\2 K
From the arbitrariness of t > 0 and being K > 2, we obtain
lim J.(me(uy)) = oo.
n—oo

Moreover, ||mg(uy)|le = 0o as n — oo and this ends the proof of Lemma 3.2. O

Let us introduce the maps
Yo :HF =R and . :ST =R,
by "ﬂs(u) = J(1e(u)) and 9. = Qﬁe|sj'

In view of Lemma 3.2 and Corollary 2.3 in [38], we obtain the following result.

Proposition 3.1. Assume that hypotheses (V1)-(Va) and (f1)-(fs) hold true. Then,

(a) Ye € CH(HTI,R) and

EQIE
[l

(W (u),v) =

for every uw € HY and v € H,;
(b) ¥ € CYH(SH,R) and
(WL(w),v) = [[me(u)[|(TZ(me(u)), v),

veT,ST = {veH:: (uv)=0};

(¢) If {un}tnen is a (PS)q sequence for e, then {me(upn)}tnen is a (PS)q sequence for J.. If
{un}neny C Nz is a bounded (PS)q sequence for Jz, then {m-'(un)}nen is a (PS)q sequence
for the functional V.;

(d) w is a critical point of V. if, and only if, ms(u) is a nontrivial critical point for J.. Moreover,
the corresponding critical values coincide and

inf 4c(u) = inf J(u).

ueSt

(T (e (w)), v)

for every
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Remark 3.1. As in [38], we can see that the following equalities hold
¢ := nf Je(u) —-u£3£+rggx¢2(tU)-—zig§ max J(tu).

Remark 3.2. Let us note that if u € Nz, using (g1), (g2) and taking & € (0, %) we can see that
0= ||U||§+/ ¢uu2dx—/ g(e x,u)udz
R3 R3

1 x
> S llullZ = Cllull

which implies that ||ulle > o > 0 for some « independent of .

4. EXISTENCE RESULT FOR THE MODIFIED PROBLEM

In this section we focus our attention on the existence of positive solutions to (3.2) for small
€ > 0. We begin showing that the functional 7. satisfies the Palais-Smale condition at any level

3
d < $S% ((PS)q in short), where S, is the best constant of the Sobolev embedding H*(RR?) into
L% (R3). We recall that the existence of Palais-Smale sequences of 7, is justified by Lemma 3.1
and Mountain-Pass Lemma [11]. Firstly, we note that any Palais-Smale sequence is bounded.

Lemma 4.1. Let {u,}nen be a (PS)q sequence for J.. Then {uy}nen is bounded in H..
Proof. Let {uy}nen be a (PS) sequence at the level d, that is
Je(un) — d and J!(up) — 0 in H L.

Arguing as in the proof of Lemma 3.2-(i7) (see formula (3.8) there), we can deduce that

1,
C+ |lunlle > Te(un) — *<~75(un)7un>

s
¥ — 2 1
>(—= ) (1-= 2,
Since ¥ > 4 and K > 2, we can conclude that {up }nen is bounded in He.. O

The next result will be fundamental to obtain compactness of bounded Palais-Smale sequences.

Lemma 4.2. Let {up}nen be a (PS)g sequence for J.. Then, for each ( > 0, there exists
R = R(¢) > 0 such that

_ 2
lim sup / dm/ [un () Zigy)’ dy+/ V(ex)u?dx| < C.
n—00 R3\Br R3 |l‘ - y| s R3\Bg

Proof. For any R > 0, let nr € C°°(R?) be such that ng = 0 in Br and ng = 1 in BSg, with
0 <nr<land|Vng| < %, where C'is a constant independent of R. Since {nruy }nen is bounded
in H., it follows that (J(uy), nrun) = o, (1), that is

[//]R6 |un‘x _;‘2125”2 r(@ )dwdy+/ V(ex)u nana;] / ¢!, unpde
=onll) ¥ /Rs (&2, unJunnp do = / /Re e (y))y(ﬁiéf) —unl®)),,, () dedy.




12 V. AMBROSIO

Take R > 0 such that A, C Br. Then, using (g3)-(ii) we get

[//R.s 'z |3+23)|2 r(z) dxder/ V(s:ﬂ)uianx:|
< Jgvesimie ff, o B —))(|3+§f) 0l (y) ddy + 0,(1)

which implies that

(%) [/yge’uﬁx.f;§i2s”2n3<x>dxdy+—]Qvasa»uianx}
//R.s 7Rz Iz _))(|3+§f) — un(y))Un(y) dzdy + on(1). (4.1)

Now, we aim to show that

hm lim sup //RG nr(@) = 1ry) (un () = un(y))un(y) dxdy = 0. (4.2)

R—00 p—oo ‘l‘_ ’3+2S

Applying Holder mequahty and the boundedness of {uy }nen we can see that

’/ /RG = !a:(—) )z/(|5+gf) —n0) () ey

‘Un Un y // MR )| 2 %
<//RG !a: — y!3+2s dxdy o ’x — y|3+25 un () |? dzdy
Ing(x )‘ )
=C (//Re |x — |3+2s |un (y)|* dedy

so it is enough to prove

‘nR )| 2
lim limsu Up, drdy =0
m lims p//6 y]3+23 [un ()| Y

R—oc0 pooo

to infer that (4.2) holds true.
Firstly, we note that R® can be written as

RS = ((R®\ Bag) x (R3\ Bag)) U ((R*\ Bag) x Bag) U (Bar x R?) =: XL U X% UXE.
Then

[nr(z) — nr(y)® // |77R nr(y)[? 2
1L m%% e fedy = m%% el dedy

nr(z) — nr(y)|? !nR nr(y)l?

//Xz | |3+2s |un ()] dmd?/+// |3+2s |un () ddy. (4.3)

In what follows, we estimate each integrals in (4.3). Since ng = 1 in R?\ Bag, we have
[un(2)*|nr(x) — nr(y)?
=0. 4.
//X1 |x _ |3+28 drdy =0 ( 4)

Let k > 4. Clearly, we have
X% = (R*\ Bag) x Bor C ((R®\ Brg) x Bar) U ((Bkg \ Bagr) X Bag).
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Let us observe that, if (z,y) € (R®\ Bgr) x Bag, then

|

|z =yl 2 |z = [yl 2 |2 = 2R > =7

Then taking into account that 0 < np < 1, |Vng| < % and applying Holder inequality, we can

Sse
lun(2)[2nr(z) — nr(y)*
dad
//5{2 |z — y[3+2 ray

2 _ 2 2 B 9
:/ dl‘/ |Un(l')| ‘nR(l':)3+2877R(y)| dy+/ dl‘/ |Un(l‘)| |’I’]R(£L‘g+2s77R(y)| dy
RA\Ber  J/Ban @ — y| Byr\Bor  JBar [z —y|

2
< 9o+ / dz / [un / / @
R3\Bir Bar |$‘3+25 Brr\B2r Bar |x - y|3+2(s—1)
2
Rd\BkR |x| 8 R BkR\BQR

2 2s
L\ E 1 o ok-9)
R3\Bir R3\Byp |z|2s Brr\Bar

2
. 27 2(1—s)
<ol [ m@Pa) + S [ @)
k R3\Brr R Brr\B2r

C | CkpH)
<=3+ 25/ |un () |*d. (4.5)
k R Brr\B2r

Now, we fix 0 € (0,1), and we note that

|un ()2 nr(z) — nr(y)?
//5@ lz — y|3+2s dzxdy

2 2
Bar\Bsg R3 |z — y| s Bsr R3 ’95 - |

Let us estimate the first integral in (4.6). Thus,

2 B 2
/ dl‘/ |’U,n($)‘ ’nR(x;JrZ:]R(y)‘ dyS 25/ |un(x)\2da:
Bapr\Bsr R3N{y:|z—y|<R} |z -yl R Bapr\Bsr

and

2 . 2
[ wf n () o) e, C [ @
Bar\Bsr R3N{y:|lz—y|>R} [z =l &7 IamBin

from which we obtain

2 B 2
Bar\Bsr RS |z — y[3H2s R** JByp\Bsr
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Now, using the definition of ng, § € (0,1), and 0 < nr < 1, we have

2 2 _ 2
/ de / |un ()R (2 3))+28773(y)! dy = / i / |un ()| ‘UR(QU:)HQS”R(CU)’ dy
Bsr R3 |z — yl Bsr R3\Bp \1’— Yl
| (v
< 4/ dx/ dy
Bsn R3\Bp |T — |3+2S
> 1
<C Uy, dl‘/ ———dr
Bsg e (1—5)R 71T

C
= [(1—(5)1%]25/]35R |y, |2d (4.8)

where we used the fact that if (z,y) € Bsr x (R3\ Bg), then |z —y| > (1 — 6)R.
Taking into account (4.6), (4.7) and (4.8) we deduce

lun () ?Inr(z) — nr(y)|?
/ /x3 |z — gy[3+2s dady

C / 9 C / 9
< — Up(x)|*dr + ———— Uy (x)|“dx. 4.9
w5, @R s [ ) (19)

Putting together (4.3), (4.4), (4.5) and (4.9), we can infer

un (@) 2nr(z) — nr(y)? C  CK(- s)/ 2
dedy < — + ———— un () |“dx
J[ B, lm@

¢ / 2 ¢ 2
+ =5 |un ()| da:—i—/ |un ()| *dx.
RQS Bsr\Bsr [(1 - 5)R]28 Bsr "
(4.10)
Since {un }nen is bounded in H*(R?), by Theorem 2.1 we may assume that u,, — u in L} (R?)

for some u € H*(R?). Taking the limit as n — oo in (4.10) we have

. lun (2)[2nr(2) — nr(y)?
1 dad
““m/ée -y ry

n—oo
c Ck-s) c C

<t T [ Pt [ @l e [ )P
K3 R2s Brr\B2r R2s Bor\Bsr [(1 - 5)R]2s Bsr

C * % . 2% 5 28 . %
<3+ Ck? / lu(x)|% da +C / lu(x)|? dz +C < > </ ]u(x)]QSdac> ,
k Brr\B2r Bar\Bsr -0 Bsr

where in the last passage we used the Holder inequality.
Since u € L% (R?), k > 4 and § € (0,1), we obtain

limsup/ lu(x)|* de = hmsup/ lu(z)|[*dz = 0.
R—o0 BkR\B2R R—o0 BQR\BéR
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Choosing § = k, we get

2
limsuplimsup// [un () *l17(x) — 1 (y)] dzdy
R6

Roine msoo |z — y|3+2s
2
c =
< lim limsup[—3 + CK? / lu(z)|? da +C / lu(x)|% dx
k—o0 R—o0 k BkR\B2R BQR\B%R
2
1 2s 2
+C<k]> (/ ()% da }
_ By
C 1\* %
<iim & o 240 ) =
—kgilok?)JrC(k—l) </Rs ()| dm) 0
Putting together (4.1), (4.2) and using the definition of ng, we deduce that
_ 2
lim lim sup/ dx/ [un(@) Zigy” dy + / V(ex)u dx = 0.
R—00 n—oo JR3\Bp gs |T—y[Pt3s R3\Bp
This ends the proof of Lemma, 4.2. O

3
Proposition 4.1. The functional J. verifies the (PS)q condition in H. at any level d < 552°.

Proof. Let {un}nen be a (PS) sequence for J. at the level d. By Lemma 4.1 we know that
{tn}nen is bounded in H,, and, up to a subsequence, we may assume that

Up — u in He. (4.11)
In view of Lemma 4.2, for each ¢ > 0 there exists R = R(¢) > 0 such that
_ 2
lim sup / dx/ [un(@) Zigy)‘ dy + / Viex)u? de| < C. (4.12)
n—00 R3\Bgr R3 ’x - y| 3 R3\Bpg

Using (4.12) and H. € Lj (R3) for all r € [2,2}%), it is easy to deduce that u, — u in L"(R3) for
all € [2,2%). In particular

Un — u in L% (R3), (4.13)
Then, in view of (4.11) and (4.13), we can apply (1) and (6) of Lemma 2.3 to infer that
¢l — ¢l in D"*(R?) (4.14)
and
/ oL, uidr — / Pt udz. (4.15)

Putting together (4.11), (4.13) and (4.14) it is easy to check that as n — oo
/ qbf;nun¢ dx = / (;SZuw dz + o, (1)
R3 R3
for all ¢ € C°(R3). Since it is clear that (4.11) and (f1)-(f2) yield

() > (ww)e and [ gleauvde— [ gleowda,
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for all p € C°(R3), we can infer that u is a critical point of J.. In particular

||uH§—|—/ ¢Zu2d:v:/ glez,u)udz. (4.16)
R3 R3

In what follows, we show that

/ g(e x,up)uy de — g(ex,u)udz. (4.17)
R3 R3
Using (4.12), (f1), (f2), (92) and Theorem 2.1 we can see that
/ gle @, up)up dz < C(C+ (2 —|—C275), (4.18)
R3\Bg

for any n big enough. On the other hand, choosing R large enough, we may assume that

/ glez,u)udr < (. (4.19)
R3\Bp
From the arbitrariness of { > 0, we can see that (4.18) and (4.19) yield

/ g(e x,up)uy, de — glez,u)udx (4.20)
R3\Br R3\Br

as n — 0o0. Now, we note that by the definition of g we know that
* V .
gle z,up)un < f(un)un, + a* + ?Oui in R\ A..

Since Bg N (R3\ A.) is bounded, we can use (f1)-(f2), the Dominated Convergence Theorem and
the strong convergence in L] (R?) for all r € [1,2}), to see that

/ g(e x,up)uy, de — gex,u)udx (4.21)
BrN(R3\A,) BrN(R3\A:)
as n — o0.
At this point, we aim to show that
lim / |t |% da = / lu|? da. (4.22)
n—roo As AE

Indeed, if we assume that (4.22) is true, from Theorem 2.1, (g2), (f1)-(f2), (4.11) and the Domi-
nated Convergence Theorem, we can see that

/ glex, up)u, de — g(ez,u)udz. (4.23)
BrNA. BrNA.
Putting together (4.20), (4.21) and (4.23), we can conclude that (4.17) holds. Hence, in view of
(T (up),un) = on(1), we can see that (4.15), (4.16) and (4.17) imply that ||u,|[: — [ulls, and
then u, — w in H. (since H. is a Hilbert space).

It remains to prove that (4.22) is satisfied. Invoking the Concentration-Compactness Lemma
for the fractional Laplacian [17, 31], we can find an at most countable index set I, sequences

{itier C R®, {pitier, {vitier C (0,00) such that
p=|(=A)2uf® + Y pid,,

i€l
9 (4.24)
V= |u\2; + Zl/iéxi and S*l/fs < 1
i€l
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for any i € I, where §,, is the Dirac mass at the point z;. Let us show that {x;}.cr N Az = 0.
Assume by contradiction that x; € A, for some ¢ € I. For any p > 0, we define 9,(z) = w(%)
where 1) € C§°(R3, [0, 1]) is such that ¢ = 1 in By, ¢ = 0 in R3\ By and |V1)|o < 2. We suppose
that p > 0 is such that supp(y,) C Ac. Since {Y,up nen is bounded, we have (T (un), Ypun) =
on (1), from which

\un un(y)‘Q
//Rfi ]:): _ y’3+2s drdy
2
/ /RG unl:c - ylzigg) dzdy + /Rg Bu, Unthpda + /Rs Vie)unyde
n — Un Y Y
- [ o iy

+ / un, f (up) do + / Vplun|® dz + o, (1). (4.25)
R3 R3
Due to the fact that f has subcritical growth and v, has compact support, we obtain that
tig T [ s do =t [, ude =0, (4.26)

Now, we show that

s (un (@) = un(y)(p() = $p(y))) _
lim lim //]RG Up, () dxdy = 0. (4.27)

p—0n—o0 ’33 _ y’3+2s

Using Holder inequality and the fact that {u,} is bounded in H., we can see that

[ ot ) = 0 l) D) o,

‘l’ _ ‘3—1—23

(//]RG |un\x_ ‘3+2:g) dzx dy) (// |2t ,2|¢P$) ‘figgw dxdy)é
ol o )

Therefore, if we prove that

N 2!%( ) = Vo)l _
ilﬁr% T}Lngo s |t ()] o — e dxdy = 0, (4.28)

then (4.27) is satisfied. In what follows, we modify suitably the arguments in Lemma 4.2.
Let us note that R% can be written as

R = ((R*\ By (i) x (R*\ By (:))) U(Bap (i) x R?)U((R*\ By (i)  Bap(wi)) =: XjUX;UX].

Hence
)2 (Vp(@) = ¥p(y))*
// |un ()| z — y3res dxdy

V(@) — ¥ply Up(x) = ¥p(y) |
//Xl ‘2‘ P ) |3£25 dd +//)(2 |2‘ P ) |3£gs)’ da:dy

/ /X . \ZW” ) ﬁfﬁgs)’ dady. (4.29)
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Since ¢ = 0 in R?\ By, we have

2
//Xl |2’¢P ) ;figs)' dxdy = 0. (4.30)

Using 0 < <1 and the Mean Value Theorem, we can see that

|9, ( ) bp(y)?
//)(2 ()] p y[3+2s dzdy
2 2
Ba,(z4) {yER3:\x—y|§p} ‘ ’ Bap(x;) {y6R3:|x—y|>p} | |

_ |un (2)[? Jun ()|
<p 2w|20/ d:n/ N _dy+4 dx Iy
Bop(zs)  J{yeR¥(a—y|<p} |7 — y[PH?72 Bap(wi) /4 y|Fr2e

yeR3o—y|>p} |T —
< Op 2 / ()2 d + Cp2 / ()2 d < Cp2 / ()2 dz,  (4.31)
Bap(z:) Bap(z:) Bap(z:)

for some C' > 0 independent of p and n. On the other hand

2!1/}/) ) Po(y)?
//X3 |un ()] EEST dxdy
2
:/ dx/ |un (2 )’2|¢p( z) — 3+§gj)| dy
RO\Bap(z:)  J{y€Bap(i)la—yl<p} |z —y|

|thp(z) — (y)|2
i / dx/ ’ dy =: Apn+ Bpn. 4.32
R3\329(mi) {yeBap(x;):|lz—y|>p} | ( )’ | |3+23 4 P ( )

Now, we note that |z — y| < p and |y — z;| < 2p imply |z — z;| < 3p, so we get

A < —2|v 2 d "U/n( )|2
pmn =P ¢’oo £ ’ _ ’1+25 Y
Bsp() {y€Bap(xi):lz—y|<p} IT Y

Pl
SCpQ/ Un(x 2d:];/
ng(asi)‘ ()] =
< C’p2s/ |un ()| de, (4.33)
Bsp (i)

for some C' > 0 independent of p and n. Let us observe, that for all £k > 4 it holds
(R?\ Boy(w:)) x Bap(wi) C (Bip(i) X Bap(w:)) U (R®\ Byp(2)) x Bap(:)).

Then, we have the following estimates

2
R TR | |
1
< 4/ d:r/ |un(x)|27s dy
Bip(@)  J{yeBap(i)la—y|>p} |z — y[3+2
1
< 4/ |un(x)\2dm/ —5 dz
By () {z€R3:|z|>p} |Z|3+28

< Cp_25/ |un () |? di, (4.34)
Bk:p(mz)

dr
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for some C' > 0 independent of p and n. On the other hand, |x —z;| > kp and |y — ;| < 2p imply

—xl k .
ol 2 [ | — ly -] 2 2T g o]

which together with 0 <1 <1 gives

/ d.ﬁ/ |u ($)|2|¢p($) _wp(y”? d
RN\Byy(a)) o {yeBay(a)la—y|>p} |z =yl

[tn ()]

dr / un(@)”
RAByy(z:)  J {yeBap(ai):|o—y|>p} T — P28

2
R3\ By, (z;) |T — il
25 -2

2
g 2; 2;
< Cp® ( / [un ()| dx) ( / o — 2|~ CTE dx)
R3\ By, () R3\ By, ()

2
5
< Ck3 / |un ()| da , (4.35)
R3\ka(zz)

for some C' > 0 independent of p and n. Taking into account (4.34) and (4.35), and the fact that
{tn }nen is bounded in L2 (R3), we can find C' > 0 independent of p and n such that

<C

By, < CpQS/ |y, ()| da + CE 3. (4.36)
ka(xz)

Putting together (4.29)-(4.33) and (4.36), we have

2
// [t ( |2|¢p ) |3+g Ol dmdySCpZS/ |y ()| dz + Ck 3, (4.37)

ka(xz)

for some C' > 0 independent of p and n. Since u, — u strongly in L? (R3), we can deduce that

lim Cp~2* / Jun (z) > dz + Ck™3 = Cp~2® / u?(z) dz + Ck=3.
Byp(xs) Byp(wi)

n—oo

Moreover, using the Hélder inequality, we get
Lo\ E 2
Cp > / ju(@)? do + Ck™ < Cp> / (@) de ) | Byl % + Ok
Bip(wi) Bip(z4)
2

5
< Ck* (/ lu(z)|% d:r> +Ck3 5 Ck3asp—0.
ka(wz)

Accordingly,

n—oo

2
= lim lim hrnsup// |un (x |2Wp ) YWl dxdy = 0,

k—oo p—=0 n—oo |3+28

that is (4.28) holds true.

2
hmhmsup// |un, (z ]2|¢p) ‘3£§s)‘ dxdy
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Now, by (4.24) and taking the limit as p — 0 and n — oo in (4.25), we can deduce that v; > p;.

In view of the last statement in (4.24), we have v; > S%, and using (g3), (V1) and K > 2 we can
deduce that

1
d = Je(un) — 1<~75,(“n>vun> + on(1)
1 1 4s — 3 *
> = lun||? + / [ung(sx, un) — G(e, un)} do + = / lun|% dz + 0,(1)
4 RB\AE 4 12 As
1 S 1 4 - *
= / ¢p|<A>2“nl2dl’+/ V(ex)upda| — = Vouldz + = 3/ lun| % da + 0n(1)

S ]. 48—3 *
> - —A)2up,|? - 2 ol n(1
_4/1\ Vol (—A) 2wy dx—|—<4 4K) /]R3\A5 V(e x)u;dx + 12 /As |un|®s dz 4 0,(1)

4s — «
s 3/ yltin % dz + op(1).
12,

Then, in view of (4.24), v; > S2s and taking the limit as n — oo, we find

TS DA P S R e

{iel:z;€N} {iel:z;€A}

1 + 45 —3
DI O e T DI

{iel:z;€N} {iel:x; €N}
1.2 4s-3_ 2% s &
> 2s 2s — _ *25
S TR R
which gives a contradiction. This means that (4.22) holds and we can conclude the proof. ]

3
Corollary 4.1. The functional 1. verifies the (PS)q condition on ST for any d < 352

Proof. Let {up}nen C ST be a (PS) sequence for 1. at the level d, that is
Yelu) > d and  Gl(un) = 0 in (T, S5V

Using Proposition 3.1-(¢) we can see that {m.(uy)}nen is a (PS)g sequence for J: in H.. Then,
from Proposition 4.1 we can see that [J. verifies the (P.S)4 condition in H,, so there exists u € ST
such that, up to a subsequence,

me(un) — me(u) in He.

By Lemma 3.2-(4ii), we can infer that u, — u in ST. O

Now, we conclude this section giving the proof of the main result of this section:

Theorem 4.1. Assume that (V1)-(Va) and (f1)-(f4) hold. Then, problem (3.2) admits a positive
ground state for all € > 0.

3
Proof. Arguing as in the proof of Lemma 3.1 in [27], we can prove that ¢ < %S? for all € > 0.
Then, taking into account Lemma 3.1, Lemma 4.1, Proposition 4.1, and applying mountain pass
theorem [1], we can see that J. admits a nontrivial critical point u € H,. Since (J/(u),u”) =0,
where u~ = min{u, 0}, it is easy to check that u > 0 in R®. Moreover, proceeding as in the proof
of Lemma 7.1 below, we can see that u € L°(R3). From Proposition 2.9 in [37], we deduce that
u € CH*(R3) and by the maximum principle [37] we can conclude that u > 0 in R3. Finally, we
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show that u is a ground state solution. Indeed, in view of (g3) and applying Fatou’s Lemma we
obtain

e < Tu(w) = 5T, 0)
( — =) Ju)? + ( — 39) /R3 Pt udr + » %g(ex,u)u — Glex,u)dzx

< hmlnf [( > l|un|? + (i - 1) / ol dl‘+/ ; (ex,up)uy — G(ex, up)dz
R3
T

—timinf |7 (un) — {70 )]

n—oo
= CE

which implies that Jz(u) = c.. O

5. THE AUTONOMOUS PROBLEM

In this section we consider the limit problem associated to (3.2). More precisely, we deal with
the following autonomous problem

(—A)u+ Vou + dhu = f(u) + [u>*"2u in R?,
u€ H5(R3), u>0inR3.

The Euler-Lagrange functional associated to (5.1) is given by

(y)|? 2 1/ t 2 / 1 / +\27
—— 2 dxd d - dx— Fuw)dz—— sd
(//RG ]a:—y]3+23 xdy + ” Vou“dx +4 » P u"dx » (u)dx o Rs(u )4 dx

which is well defined on the Hilbert space Ho := H*(R?) endowed with the inner product

o) = //R6 ! _)(,“i(ﬁéi = W) 4ray + /R3 Vou(x) o(z)da.

The norm induced by this inner product is

\U |2 2
||l HO— |3+28 —————=dxdy + - Vou“dzx.

The Nehari manifold associated to Jo is given by
No = {u € Ho\ {0} : (Ty(u),u) = 0}.
We denote by "Har the open subset of Hg defined as
= {u € Ho : [supp(u™)| > 0},

and Sar =Sg N Har , where Sg is the unit sphere of Hy. We note that Sg is a incomplete C'H1-
manifold of codimension 1 modeled on Hg and contained in 7—[3 . Thus Hg = TUSSr @ Ru for each
u € S§, where T,S§ = {u € Ho : (u,v)o = 0}.

As in Section 3, we can see that the following results hold.

Lemma 5.1. Assume that (f1)-(fs) hold true. Then,
(i) For each u € HJ, let hy, : RY — R be defined by hy(t) = Jo(tu). Then, there is a unique
ty > 0 such that

(5.1)

hi,(t) > 0 in (0,t,)
R, (t) < 0 in (ty,o0);
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(ii) there exists T > 0 independent of w such that t, > T for any u € Sar. Moreover, for each
compact set K C S(J)r there is a positive constant Cx such that t, < Ck for any u € K;
(iii) The map mo : 7-[3“ — Ny given by mg(u) = tyu is continuous and mgy = moysg s a

= A
llullo”’

(iv) If there is a sequence {un}nen C S§ such that dist(u,,dSg) — 0, then ||mo(un)|lo — oo
and Jo(mo(uy)) — 0.

homeomorphism between S§ and Ny. Moreover my* (u)

Let us define the maps R
wO:”H(J{—>R and wO:Sar—HR,

by to(u) := Jo(1io(u)) and 1o = %’sj-

Proposition 5.1. Assume that assumptions (f1)-(f1) hold true. Then,
(a) ¥y € CYHH,R) and

(W (w),v) =

for every u € H and v € Ho;
(b) o € C'(S§,R) and

o (o (o (u)), v)
0

(o (w),v) = [[mo(w)llo(Tg(mo(u)), v),
for every
v e TSy = {veHo: (u,v)=0};

(¢) If {up}nen is a (PS)q sequence for g, then {mo(uy)}tnen is a (PS)q sequence for Jy. If
{tn}nen C No is a bounded (PS)q sequence for Jy, then {mgl(un)}neN is a (PS)q sequence
for the functional vy;

(d) w is a critical point of g if, and only if, mo(u) is a nontrivial critical point for Jy. Moreover,
the corresponding critical values coincide and

inf to(u) = ule%o Jo(u).

uGSg
Remark 5.1. As in Section 3, we have the following equalities

co ;= inf u) = inf max tu) = inf max tu).
0 ueNo jO( ) uGHa' t>0 jo( ) uESg t>0 jo( )

We recall the following lemma whose proof can be found in [27] (see Lemma 3.3 there):

3
Lemma 5.2. Let {u,}nen C Ho be a (PS)q sequence for Jo with d < 552° and u, — 0. Then,
only one of the alternative below holds:
(a) up — 0 in Ho;
(b) there exist a sequence {y, tnen C R® and constants R, 3 > 0 such that
lim inf / uZdr > B > 0.
n—reo Br(yn)
Remark 5.2. Let us observe that, if {u, }nen is a (PS) sequence at the level cq for the functional

Jo such that u, — u, then we may assume u # 0. Otherwise, if u, — 0 and, once it does not
occur u, — 0 in Ho, in view of Lemma 5.2 we can find {yn ynen C R® and R, 3 > 0 such that

lim inf / uZdz > B > 0.
Br(yn)

n—oo

Set vp(x) = un(z + yn), and making a change of variable, we can see that {vy}nen is a (PS)c,
sequence for Jo, {vn}nen is bounded in Ho and there ezists v € Hy such that v, — v with v # 0.
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Moreover, arguing as in the proof of Proposition 3.4 in [27], we have the following existence
result:

Theorem 5.1. Problem (5.1) admits a positive ground state solution.
Now we give a compactness result for the autonomous problem which we will use later.

Lemma 5.3. Let {up}nen C Ny be a sequence such that Jo(un,) — co. Then {up}tnen has a
convergent subsequence in H®(R3).

Proof. Since {up tnen C Ny and Jo(uy,) — ¢, we can apply Lemma 5.1-(4i7), Proposition 5.1-(d)
and the definition of ¢y to infer that

Unp,

v =m (uy,) = €S

~ llunllo

and

Yo(vn) = Jo(un) — co = inf to(v).

vest
Let us introduce the following map F : SSF — R U {00} defined by setting
Yo(u) ifueS§
Flu) =
(W) {oo if u € 0Sy.

We note that
o (SJ, do), where d(u,v) = ||lu — vl|p, is a complete metric space;
o Fc C(ga_,R U {o0}), by Lemma 5.1-(iv);
e F is bounded below, by Proposition 5.1-(d).

Hence, applying the Ekeland’s variational principle [18] to F, we can find {f,}neny C S§ such
that {0, }nen is a (PS)., sequence for 19 on S§ and |8, — v |lo = 0, (1). Then, using Proposition
5.1, Theorem 5.1 and arguing as in the proof of Corollary 4.1 we obtain the thesis. O

Finally, we prove the following useful relation between c. and cg:
Lemma 5.4. It holds lim._,gc. = cg.

Proof. For any R > 0 we set ur(x) = ¥r(z)uo(z), where ug is positive ground state of (5.1)
which is given by Theorem 5.1, and ¥g(z) = ¥ (x/R) with ¢ € C°(R3), ¢ € [0,1], v = 1 if
|z| < % and ¢ = 0 if |x| > 1. For simplicity, we assume that supp()) C By C A. By Lemma 2.2
and the Dominated Convergence Theorem we can see that

up — up in H¥(R?) as R — occ. (5.2)
For each €, R > 0 there exists ¢, g > 0 such that

J= (ts,RuR) = I?Zag( tjf(tuR)‘

Then J!(t- rug) = 0 and this implies that
1
\

f(te,rur) 4 2r—4 o
ol ) 671”;5dav—i—tgﬁ lug|*sdz.
e,R /R

(—A SuRQ—i-V(gx)quw—i-/ ot unhdr =
) ‘ R Br L Br (t&RuR)g Br
(5.3)

From the last equality, we can deduce that for any R > 0 we have

0<limt, gp =tgr < 0.
e—=0 '
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Taking the limit as ¢ — 0 in (5.3) we get

1 / so2 2 ¢ 2

= |(=A)zug|” + Vou dZL‘+/ ¢y, updr =

t% Jrs R By RE Br (tRUR)

Putting together (5.2) and (5.4) we deduce that tg = 1 and Jy(tgur) = max;>o Jo(tur).
Accordingly, by (5.4), we have

t *__ *
Mu%dw—i—t% 4/ lug|®dz. (5.4)
Br

e < ma J(tun) = (1 i)

which implies that

lim sSup cg < J(](tR’U,R).
e—0

Taking the limit as R — oo and using (5.2) we get

limsupc. < ¢p.
e—0

On the other hand, in view of (V1), we know that ¢. > ¢p for all € > 0. Then we can conclude
that ¢. = cg as e — 0. O

6. BARYCENTER MAP AND MULTIPLICITY OF SOLUTIONS TO (1.1)

In this section, our main purpose is to apply the Ljusternik-Schnirelmann category theory to
prove a multiplicity result for problem (3.2). We begin proving the following technical result.

Lemma 6.1. Let &, — 07 and {uy}tnen C N, be such that J., (un) — co. Then there exists
{Fntnen C R? such that the translated sequence

Un () = up(z + n)

has a subsequence which converges in H*(R®). Moreover, up to a subsequence, {yn}tnen =
{&n Un}nen is such that y, — yo € M.

Proof. Since (J. (un),un) = 0 and Tz, (un) — co, it is easy to see that {un}nen is bounded in
He, . Let us observe that |uy,|s, - 0 since ¢y > 0. Therefore, arguing as in Lemma 5 in [1], we
can find a sequence {, }nen C R? and constants R, a > 0 such that

lim inf/ [un |*dz > o
BR(gn)

n—0o0
Set iy () = un(z + Jn). Then {y, }nen is bounded in H*(R3), and we may assume that
iy, — @ weakly in H*(R?),

for some @ # 0. Let {t,}nen C (0, 400) be such that vy, := t, i, € Ny (see Lemma 5.1-(7)), and
set Ypn := €, Un. Then, using (g2) and Lemma 2.3-(4), we can see that

1 S ]. 1 *
co < Jo(n) < / [(=A) 20, 4+ V(en z + yn) 02 dx + / oL idx —/ F () + —|0n|* ) dx
2 R3 4 ]R3 n R3 2:
t721 £ 9 2 tﬁ t 2
<= |(=A)2u,|* + Ven 2)unde + == [ ¢y, usdr — G(en 2, tpup)dx
2 Jps 4 Jps " R3
= jan(tnun) < u]sn (Un) =co+ On(l)a
which gives
jO(f)n) — Co and {ﬁn}neN C NO- (61)

In particular, (6.1) yields that {,},en is bounded in H*(R3), so we may assume that @, — 7.
Obviously, {t,}nen is bounded and we may assume that ¢, — to > 0. If tx = 0, from the



FRACTIONAL SCHRODINGER-POISSON SYSTEMS 25

boundedness of {uy nen, we get ||On]lo = tn||tUnllo — 0, that is Jo(0,) — 0 in contrast with the
fact ¢g > 0. Then, ty > 0. From the uniqueness of the weak limit we have ¥ = ty@ and v # 0.
Using Lemma 5.3 we deduce that

B, — ¥ in H*(R?), (6.2)
which implies that @, — @ in H*(R3) and
Jo(0) = ¢ and (J5(0), ) = 0.
Now, we show that {y, }nen admits a subsequence, still denoted by {yn }nen, such that y, — yo €

M. Assume by contradiction that {y, }nen is not bounded. Then there exists a subsequence, still
denoted by {yn }nen, verifying |y,| — 4o00. Since u, € N, , we can see that

i ||3 < [an]2+/ V(enx+yn)aidx+/ ¢gna3dm:/ 9(en @ + Yn, Up ) Uy, de.
R3 R3 R3

Take R > 0 such that A C Bg(0), and assume that |y,| > 2R for n large. Thus, for any
T € Br/.,(0) we get |enx + yn| > |yn| — |en x| > R for all n large enough.
Hence, from the definition of g, we deduce that

lvall§ < / Fin)ity dz + / F(n)in + 02 da.
Br/ ey, (0) R3\Bg/ ., (0)

Since @, — @ in H*(R3), we can apply the Dominated Convergence Theorem to see that

/ f(p)ty dz = 0, (1).
R3\BR/ ¢, (0)

Therefore

1
alf< g [ Verdds+on()
R/en )

(1= %) Naal} < ont)

But 4, — u # 0 and K > 2, so we get a contradiction. Thus {y,}nen is bounded and, up
to a subsequence, we may assume that y, — yo. If yo € A, then there exists 7 > 0 such that
Yn € Byja(yo) C R3 \ A for any n large enough. Reasoning as before, we get a contradiction.
Hence yo € A. Now, we show that V(y9) = V. Assume by contradiction that V (yo) > V. Taking
into account (6.2), Fatou’s Lemma and the invariance of R? by translations, we have

o 1 5. 9 ~ 1, )
co<hnn_1>g;1f[§ </Rg](— )20, )" + V(en 2z + yn)0 ) / ¢35, 05 d:c—/ <F(vn)+2§\vn| ) dw}

< liminf 7., (tnu,) < liminf T, (un) = co

which yields

which is impossible. Therefore, in view of (V3), we can conclude that yo € M. O

Now, we aim to relate the number of positive solutions of (3.2) to the topology of the set A. For
this reason, we take § > 0 such that

Ms = {z € R® : dist(z, M) <8} C A,
and we consider n € C3°(Ry, [0, 1]) be such that n(t) =1if 0 <t < g and n(t) =0if t > ¢.

For any y € A, we define
ex—y
ey o) = (|~ ol (22

£
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where w € H*(R3) is a positive ground state solution to problem (5.1) (see Theorem 5.1).
Let t- > 0 be the unique number such that

ntn;gcje(t ey) = Te(te¥ey)

Finally, we introduce ®, : M — N given by
@e(y) = tf—:‘I’e,y
Lemma 6.2. The functional ®. satisfies the following limit

lin(l)js((bs(y)) = co uniformly iny € M.
e—

Proof. Assume by contradiction that there exist dg > 0, {yn}neny € M and e, — 0 such that

| Tz, (e, (Yn)) — col > do- (6.3)
Let us observe that using the change of variable z = ot yn, if z € B (0), it follows that
En en

enz € Bs(0) and e, @ + yp € Bs(yn) C Ms C A. Then, recalling that G(z,t) = F(t) + o tQS for
(z,t) € A x Ry we have

S

g, = 2 ([ 1D e D+ [ Vst e a:)
# o [ gy llen Pz — [ P nllenslyuz)

2*
tes
2% Jgrs

(1| en 2w (2))* d. (6.4)

Now, we aim to show that the sequence {t., }nen verifies t., — 1 as £, — 0. From the definition
of tc,, it follows that (T (®c,(yn)), P, (yn)) = 0 which gives

s

2, ([ 100wl + Ve + i)l 2o 2wl de ) 4, [ 6l en o) P
= [ 5Cen =+ pnstesn( 0 D)o, 1 2 () (65)

Since n =1 in Bs(0) C B (0) for all n sufficiently large, (6.5) yields
2

En

’( )§ En,Yn ’2 + V(sn ) gn,yndx * /R3 ¢€Ij€n;yn \Ijgruyndx

— f(tc‘:n qun,yn) + (tfnlpfnyyn)2271 \114 de

R3 (t5n \1157L7yn)3 Enodn

> t§5—4/ w(2)[ de.
B% (0)

From the continuity of w we can find a vector 2 € R3 such that

t2 R3

w(2) = min w(z) > 0,
z€Bg
2
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which implies that

1 s
o R P Ve det [ o 02, de
> 250 ()B4 0)]. (6:)

Now, assume by contradiction that t., — oo. Let us observe that Lemma 2.2, Lemma 2.3-(7)
and the Dominated Convergence Theorem yield

2
e, = ol € (0.00) and [ ot W2, do— [ oluido

R3 (tEn\IIEn,yn)3 myn R3 (tow)3

Hence, using t., — oo, (6.6) and (6.7) we obtain

(6.7)
widz.

Ve, ynl2: = |wl2: and

» ¢t wdx = oo,

that is a contradiction. Therefore {t., }nen is bounded and, up to subsequence, we may assume
that t., — to for some to > 0. Let us prove that ¢ty > 0. Suppose by contradiction that ¢y = 0.
Then, taking into account (6.7) and the growth assumptions on g, we can see that (6.5) gives

”tfnqjenyyn ||gn — 0

which is impossible in view of ¢., ¥, .. € N, and Remark 3.2. Hence t¢p > 0. Thus, taking the
limit as n — oo in (6.5), we deduce from (6.7) and the Dominated Convergence Theorem that

fltow) + (tow)*

4
dx.
(fow)? w” dx

1
tszlngr/ Plw’de =
0 R3 R3

In the light of w € My and (f5) we can infer that ¢y = 1. Then, passing to the limit as n — oo in
(6.4), by t, — 1 and (6.7) we obtain

nlgglo jen ((I)an (yn)) = jo(w) = Co,
which contradicts (6.3). O

At this point, we are in the position to define the barycenter map. For any 6 > 0, we take
p = p(8) > 0 such that Ms C B,, and we consider 7" : R? — R? given by

x  if|zl <p
T(x):{ % if || > p.

We define the barycenter map f. : Nz — R? as follows

/R T(eapl(x)do

/R (e do

Arguing as Lemma 5.4 in [27], we can see that the function (. verifies the following limit:

Be (u) =

Lemma 6.3.
lim B (P:(y)) = y uniformly iny € M.

e—0
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Next, we introduce a subset A. of N. taking a function h; : Rt — R* such that hy(e) — 0 as
€ — 0, and setting

Ne={ueN.: T(u) < co+ hi(e)}.

Fixed y € M, from Lemma 6.2 it follows that hy(e) = |J-(P-(y)) — co| — 0 as € — 0. Therefore
D (y) € N, and N, # ) for any € > 0. Moreover, proceeding as in Lemma 5.5 in [27], we have:

Lemma 6.4. For any 6 > 0, there holds that

lim sup dist(8:(u), Ms) = 0.
6—>0u€'/\7€

In order to prove that (3.2) admits at least catps, (M) positive solutions, we recall the following
useful abstract result whose proof can be found in [13].

Lemma 6.5. Let I, I} and Iy be closed sets with Iy C Is, and let w: I — Iy and ¢ : Iy — I be
two continuous maps such that w o is homotopically equivalent to the embedding j : Iy — Is.
Then caty(I) > catr,(I1).

Since S is a not complete metric space, we cannot apply directly standard Ljusternik-Schnirelmann
theory. Anyway, we will make use of some abstract category results contained in [38].

Theorem 6.1. Assume that (V1)-(Va) and (f1)-(f1) hold true. Then, given 6 > 0 there exists
g5 > 0 such that, for any € € (0,&s), problem (3.2) has at least catpr; (M) positive solutions.

Proof. For any ¢ > 0, we consider the map a. : M — ST defined by a.(y) = m-1(®(y)).
Using Lemma 6.2, we can see that

lim ¢ (a:(y)) = lim J-(P:(y)) = ¢o uniformly in y € M. (6.8)
e—0 e—0

Set
St ={we ST :v.(w) < o+ hile)},

where hy(e) — 0 as € — 01, It follows from (6.8) that hy(e) = [t (c:(y)) — col| = 0 as e — 0T
uniformly in y € M, so there exists £ > 0 such that 1. (a-(y)) € ST and S+ # 0 for all £ € (0,2).
In the light of Lemma 3.2-(ii), Lemma 6.2, Lemma 6.3 and Lemma 6.4, we can find € = 5 > 0
such that the following diagram

-1
M2 (M)™S an(M)™s d.(M) 5 M;

is well defined for any ¢ € (0, &).

Thanks to Lemma 6.3, and decreasing Z if necessary, we can see that S.(®-(y)) = y + 0(e,y)
for all y € M, for some function 0(e,y) verifying |0(e,y)| < g uniformly in y € M and for all
e € (0,&). Then, it is easy to check that H(t,y) =y + (1 — t)0(e,y) with (¢t,y) € [0,1] x M is a
homotopy between 3. o ®. = (3. om.) o (mz-! o ®.) and the inclusion map id : M — M;z. This
fact together with Lemma 6.5 implies that

cato, (vryoe(M) > catp, (M). (6.9)

Applying Corollary 4.1, Lemma 5.4 and Corollary 28 in [38] with ¢ = ¢. < ¢g + h1(e) = d and
K = a.(M), we can deduce that v, has at least cat,_(pr)oe (M) critical points on S, Taking into
account Proposition 3.1-(d) and (6.9), we can infer that (3.2) has at least cat s, (M) solutions. [



FRACTIONAL SCHRODINGER-POISSON SYSTEMS 29

7. PROOF OF THEOREM 1.1

This last section is devoted to the proof of Theorem 1.1 in which we prove that the solutions
obtained in Section 6 are indeed solutions of the original problem (1.1).

Firstly, we use a Moser iteration argument [29] to prove the following useful L*°-estimate for
the solutions of the modified problem (3.2).

Lemma 7.1. Let ¢, — 0 and u,, € /\7€n be a solution to (3.2). Then, up to a subsequence,
Vp i= Un (- + Tn) € L°RN), and there exists C > 0 such that

|Un]oo < C for all n € N.
Proof. For any L > 0 and 8 > 1, let us define the function
Y(0a) = 12,5(0a) = var7 ) € He
where vy, ,, = min{v,, L}. Since v is an increasing function, we have
(a—b)(y(a) —~(b)) >0 for any a,b € R.
Let us consider .
e=""" and ()= /0 ()3 dr.

Then, applying Jensen inequality, we get for all a,b € R such that a > b,

&'(a=b)(v(a) = (b)) = (a = b)(v(a) — (b)) = (a - D) /ba V' (t)dt

= (a —b) /ba(F’(t))th > (/ba(l“’(t))dt>2.

The same argument works when a < b. Therefore

E'(a —b)(y(a) — (b)) > |I(a) — T'(b)|? for any a,b € R. (7.1)
By (7.1), we can see that
(o) () = T(0) )2 < (0n(2) = va () (0avy s )(@) = (wnr D). (7:2)

Choosing y(vy,) = vnvi(i_l) as test function in (3.2), and using (7.2) and ¢}, > 0, we obtain

D)+ / Va2 Vo
\//]RG ‘517 - y\NJrQ?sJ)) ((U”’UL(?L 1))(1') - (U’nvi(nﬂl_l))(y)) d.’Edy + /]R3 Vn(m)‘vn‘QUi(ﬁ )d.%'

_/ Gn(Vn)vpv7 (/B 1)dm (7.3)
R3

where we used the notations V,,(z) = V(ep z + €, Un) and gn(vn) = g(en x + € Yn, Un)-
Since

1 _
F(’Un) Z Evnvg7n1’

and applying Theorem 2.1, we have
1

2
L) 2 5.0 2 () Sl (7.4
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From assumptions (g1) and (g2), for any £ > 0 there exists C¢ > 0 such that

|9 (vn)| < €lvn] + Celoal* (7.5)
Taking ¢ € (0,Vp), and using (7.4) and (7.5), we can see that (7.3) yields

WL n 3t gy < CB° /R o %070 de. (7.6)

where wp, ,, 1= vnvgzl. Now, we take [ = % and fix R > 0. Recalling that 0 < v, < v,, we
have

2% 2 252 9
/Rgvvan /RBUS Uan d;v

72
/ 2s= vnan V2dx

3

252
/{ 0 R%E"2v%dx + /{ 0 025_2(1)”1@7% )da
vn < V>

2% 2

. . 5 2% 2 QL*
S/ R%722: dx + / v2s dx (/ (Unan )2 da:) . (7.7)
{vn<R} {vn>R} R3

Since vy, is bounded in € L% (R?), we can see that for any R sufficiently large

23
/ v2:dx <ep2 (7.8)
{vn>R}

Putting together (7.6), (7.7) and (7.8) we get

2
2272 % i * *
(/ (vpvp 2 )23) <Cp? | R%%%dr < oo
R3 '

R?)

=

IN

2)?
and taking the limit as L — oo, we obtain v, € L™ 2 (R3).
Now, using 0 < vy, < v, and passing to the limit as L — oo in (7.6), we have

2 2 2*4+2(B—1
|Un|§52§(R3) < C/B /R3 vn3+ 8 )7

from which we deduce that

1 _ 1
([ )™ <o ([ o) 77
R3 R3

For m > 1 we define f3,,+1 inductively so that 2% + 2(8,,41 — 1) = 2553,, and p; = % Then we

have
! 1 2(61 1)
* (Bm+171)2j; —_— * f; m—
( / vfim“?sdx) < (CBpyr) it ( / v%fﬁm> :
R3 R3

1
* 2*(/Bm_1)
D,, = </ Ugfﬁm) HeRl
R3

Let us define
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Using an iteration argument, we can find Cy > 0 independent of m such that
m I
Dppy1 < H(Cﬁkﬂ)ﬁ’““_lDl < CoDs.
k=1

Taking the limit as m — oo we get |v,|oo < K for all n € N. O
Now, we are ready to give the proof of our main result.

Proof of Theorem 1.1. Take ¢ > 0 such that Ms C A. We begin proving that there exists &5 > 0
such that for any e € (0,&5) and any solution u. € N; of (3.2), it results
|u5|Loo(R3\AE) <a. (79)
Assume by contradiction that for some subsequence {e,},en such that €, — 0, we can find
e, € Ne, such that J! (uc,) =0 and
|Ue, | oo (R3\AL, ) = Q- (7.10)

Since Tz, (ue,) < ¢o + hi(eyn) and hi(e,) — 0, we can argue as in the first part of the proof of
Lemma 6.1, to deduce that Jz, (u,) — co. In view of Lemma 6.1, we can find {f, }neny C R?
such that @, = uc, (- + ) — @ in H¥(R3) and &, §n — yo € M. Now, if we choose r > 0 such
that By(y0) C Bar(yo) C A, we can see that Bé(g—g) C A;,. Then, for any y € Bé (9n) it holds

_%

n

1 2
< —(r+o,(1) < = forn sufficiently large.

S |y - gn’ +
En En

Yn

‘ Yo
y— 2
€

Therefore
R*\ Ae, CR’\ B~ (4n) (7.11)

for any n big enough.
Now, we observe that ,, is a solution to

(—A)*Ty, + Gy = &, in R?,

where
&n (@) := g(en @ + &n dn, ) — Vo () lin + Tn — @, lin

and

Vo(z) :=V(enx + €p Gn).
Put () := f(a) — Vou+ @ — ¢La. Using Lemma 7.1, the interpolation in the LP spaces, @, — U
in H*(R3), the growth assumptions on g, &, 9in — Yo € M and Lemma 2.3-(7) we can see that

&n = € in LP(R?) Vp € [2,00),

so there exists C' > 0 such that

|€n]oo < C for any n € N.

Consequently, @, (z) = (K * &)(z) = [zs K(z — 2)&n(2) dz, where K is the Bessel kernel and
satisfies the following properties [19]:
(i) K is positive, radially symmetric and smooth in R3\ {0},

C
(ii) there is C' > 0 such that K(x) < ——— for any z € R3\ {0},

|32
(iid) K € L™(R3) for any 7 € [1, 525).
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Then, arguing as in Lemma 2.6 in [3], we can see that
Un(x) = 0 as |z| = oo (7.12)
uniformly in n € N. Therefore there exists R > 0 such that
tn(z) < a for |z| > R,n € N.

Hence u., (7) < a for any z € R*\ Bgr(§,) and n € N. This fact and (7.11) show that there exists
v € N such that for any n > v and /¢, > R we have

RS \ Asn C Rg \ B (yn) - R3 \ BR(yn)

which implies that u., (z) < a for any x € R3\ A, and n > v. This is impossible in view of
(7.10). Let €5 > 0 be given by Theorem 6.1, and we fix € € (0,e5) where £5 = min{és,&5}. In the
light of Theorem 6.1, we know that problem (3.2) admits at least catps, (M) nontrivial solutions.
Let us denote by u. one of these solutions. Since u. € ./\75 satisfies (7.9), from the definition of ¢
it follows that u. is a solution of (3.1). Then 4(xz) = u(x/¢) is a solution to (1.1), and we can
conclude that (1.1) has at least catpz, (M) nontrivial solutions.

Finally, we study the behavior of the maximum points of solutions to problem (1.1). Take &, — 0
and consider a sequence {up }nen C He, of solutions to (3.1) as above. Let us observe that (g1)
implies that we can find v > 0 such that

1%
glez,t)t < ?Ot2 for any 2 € R3¢ < . (7.13)
Arguing as before, we can find R > 0 such that
|unl Lo (Bg (30)) < V- (7.14)
Moreover, up to extract a subsequence, we may assume that

[Un|Loo (Br(gn)) = V- (7.15)

Indeed, if (7.15) does not hold, in view of (7.14) we can see that |u,|reo®s) < 7. Then, using
(T (un),un) =0 and (7.13) we can infer

;
lnll2, < llunl2, / o, wde = / 9en T un)tn dz < 20 / u2 du
K Jgs

which yields ||uplls, = 0, and this is impossible. Hence (7.15) holds true. Taking into account
(7.14) and (7.15) we can deduce that the maximum points p, € R? of u, belong to Bgr(ijn).
Therefore p, = 9y, + qn, for some ¢, € Br(0). Consequently, 1., = &, Un + €n ¢n is the maximum
point of @, (x) = u,(x/e,). Since |g,| < R for any n € N and &, §, — yo € M (in view of Lemma
6.1), from the continuity of V' we can infer that

Jim Ve, ) = V(yo) = Vo.

Let us conclude the proof of Theorem 1.1 by giving an estimate of the decay of solutions to (1.1).

According to Lemma 4.3 in [19], we know that there exists a positive function w such that
0<wla) € — (7.16)
1+ [z]3+2s
and

(—A)w + ?w > 0in R®\ By, (7.17)
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for some suitable R; > 0. By (f1), the definition of g and (7.12), we can find Ry > 0 sufficiently
large such that

(—A), + %ﬂgn =g(enT+en e, , e, ) — (Vn — ‘?) fle,, — ¢%Enﬂ5n
< glen®+enie,,te,) — %aan < 0in R?\ Bg,. (7.18)
Choose R3 = max{Ri, Rs}, and we set
a= gi w > 0 and W, = (b+ 1)w — at,,, (7.19)
where b = sup,,cy |Ue, |co < 00. Now we prove that
W, >0 in R3. (7.20)
We first note that (7.17), (7.18) and (7.19) yield
We,, > ba +w — ba > 0 in Bpg,, (7.21)
(—A)Swe, + ?wsn >0 in R®\ Bg,. (7.22)

Now, we argue by contradiction and we assume that there exists a sequence {Z, } C R3 such
that

inf w,,(z) = lim W, (T, ) <O. (7.23)
z€R3 k—s0c0 ’
By (7.12), (7.16) and the definition of w,,,, it is clear that |w., (x)] — 0 as |z| — oo, uniformly
in n € N. Thus we can deduce that {Z, ;} is bounded, and, up to subsequence, we may assume
that there exists Z;,, € R? such that Z,, x — Z,, as k — oo. Thus, from (7.23), we get

inf w,, (x) = W, (i‘n) < 0. (7.24)
zeR3

In the light of the minimality of Z,, and the representation formula for the fractional Laplacian
[16], we can see that

20e, (Zn) — We,, (Tn + &) — e, (Tn, — €)
|€’3+23

(=A) ., (2n) = C(3, 5) / de < 0. (7.25)

R3
Taking into account (7.21) and (7.23) we can infer that 7, € R3\ Bg,. This together with (7.24)
and (7.25) yields

which contradicts (7.22). Thus, (7.20) holds true and using (7.16) we get

~ 3
Ugn(.’l,') < W for all z € R ,n € N, (726)
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for some C' > 0. Since 4., (z) = Ue, () = T, (£ — Je,) and 0z, = €5 Je,, + En Ge,,, from (7.26)
we obtain
. x - x
0 < G, (z) = ueg, <> = U, < — yan>
En En
_ C
=1+ ’é _gsn‘3+28
_ Celdt2s
6731+2S _Hx —en gan |3+2s
Cedt2s 3
< €%+2s Flz — n€n|3+25 vz € R
This ends the proof of Theorem 1.1. O
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