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Invariant metrics for the quaternionic Hardy space

Nicola Arcozzi* Giulia Sarfatti'

Abstract

We find Riemannian metrics on the unit ball of the quaternions, which are naturally associated
with reproducing kernel Hilbert spaces. We study the metric arising from the Hardy space in detail.
We show that, in contrast to the one-complex variable case, no Riemannian metric is invariant under
all regular self-maps of the quaternionic ball.

KEY WORDS AND PHRASES: Hardy space on the quaternionic ball; functions of a quaternionic variable; invariant
Riemannian metric.
MATHEMATICS SUBJECT CLASSIFICATION: 30G35, 46E22, 58B20.

Notation. The symbol H denotes the set of the quaternions ¢ = xo + x11 + x2j + xsk = Re(q) + Im(q), with
Re(q) = xo and Im(q) = 14 + x2j + x3k; where the x;’s are real numbers and the imaginary units i, j, k are
subject to the rules ij = k, jk = i, ki = j and i®> = j> = k*> = —1. We identify the quaternions q whose
imaginary part vanishes, Im(q) = 0, with real numbers, Re(q) € R; and, similarly, we let 1 = Ri + Rj + Rk

1/2, where § =

be the set of the imaginary quaternions. The norm |q| > 0 of q is |q| = VZ?:O z? = (qq)
To — T11 — x2j — x3k Iis the conjugate of q. The open unit ball B in H contains the quaternions q such that
lg| < 1. The boundary of B in H is denoted by 0B. By the symbol S we denote the unit sphere of the imaginary
quaternions: q € 1 belongs to S if |q| = 1. For I in'S, the slice Ly = L_; in H contains all quaternions having
the form q = x + ylI, with x,y in R. If f is a real differentiable function on a domain 2 C H, we denote its real

differential at a point w € § by the symbol f.[w].

1 Introduction

Let H be the skew-field of the quaternions. The quaternionic Hardy space H?(B) consists of the formal
power series of the quaternionic variable g,

f(q) - Z q"an,
n=0

such that the sequence of quaternions {a,, } satisfies

o0 1/2
£ 1| rr2my = (Z\W) < o0. (1)

n=0
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It is easily verified that the series converges to a function f : B = {¢ € H: |¢| < 1} — H. The
function f is slice regular [14] in the sense of Gentili and Struppa, who developed a version of complex
function theory which holds in the quaternionic setting. See the monograph [13] for a detailed account
of the theory. The norm (1) can be polarized to obtain an inner product with values in the quaternions,

<Z DY qnb">H2(1B) = nfzobna”'

The space H?(B) is a reproducing kernel Hilbert space, in the quaternionic sense: for w in B and f in
H?(B) we have

F(w) = (£, k) oy - where ku(q) = k(w,q) = Zq

There is a rich interplay between reproducing kernel Hilbert spaces and distance functions. See [3] for
an overview and several examples from one-variable holomorphic function space theory. In [10] the
connection between metric theory and operator theory is analyzed at a very deep level, and the case of
the Hardy space is a model example of that. The seminal article [4] by Aronszajn is still an excellent
introduction to the theory of reproducing kernel Hilbert spaces.

In this article we are mainly interested in studying metrics on B which are associated with the function
space H?(B). We also provide evidence that the metric properties of the space reflect the behavior of
functions in H2(B). The first metric we consider measures the distance between projections of kernel
functions in the unit sphere of the Hilbert space H?(B):

2
k k
3(p.q) = 1—<k o > : 2
Tl Toallie®) / o
In the holomorphic case of H?(A) one obtains this way the pseudo-hyperbolic metric &' (z, w) = |£=2|.

A calculation, see Proposition 4.2 below, gives a formally similar result in the quaternionic case:

(2, w) = [(1 — qw) ™" * (¢ — w)]},_.,

for z,w in B. Here, the product f(q) * g(q) and the multiplicative inverse f(q)~* are not pointwise
product and pointwise inverse: they are x-product and x-inverse, which are defined so that the usual
convolution rule for coefficients of power series’ products holds. See [13], and Section 2 where we
summarize some background material on slice regular functions.

The infinitesimal version of the pseudo-hyperbolic metric in the complex disc, is the hyperbolic

|dz|?
1-[z[%)2
distance Jy, we mean the length metric associated with &g (see e.g. [16]). The infinitesimal metric
associated with ¢ is a Riemannian metric g on B.

metric in the Riemann-Beltrami-Poincaré disc model: ds? =

By infinitesimal version of a

Theorem 1.1. (I) The length metric associated with (2) is the Riemannian metric g defined below.
For any w € B, let us identify the tangent space T,,B with H. For any vector d € T,,B, where
w = x + yly, lies in Ly, we decompose d = dy + da with dy in Ly, and dy in L}-w, the orthogonal



complement of L1, with respect to the Euclidean metric in H. The length of d with respect to g is:

1
120 = sl + |da]?. 3)

(1 —fw]?) 1 —w??
(II) The isometry group of g is the one generated by the following classes of self-maps of B:
(a) regular Mobius transformations of the form
q—A

g My(q) = (1—q\) " *(g—A)= v

with X in (—1,1);
(b) isometries of the sphere of the imaginary units,
q=x+yl = Ta(q) =z +yA(l),
where A :' S — S is an isometry of S;
(c) the reflection in the imaginary hyperplane,

q+— R(q) = —q.

In the metric (3), the first, “large” summand is the hyperbolic metric on a slice, while the second
“small” summand is peculiarly quaternionic: it measures the variation of a quaternionic Hardy function
in the direction orthogonal to the slices. Its small size reflects in quantitative, geometric terms the fact
that regular functions are affine in the S variable, see [13].

The special role of the real axis in the theory of slice regular functions is here reflected in the fact
that all isometries of the metric g fix R N B. In particular, contrary to the case of the complex disc, the
action is not transitive. Other, more precise, properties of the metric will be stated and proved on route
to the proof of Theorem 1.1. We will study geodesics, geodesically complete submanifolds and other
geometric properties of the metric. For instance, we will prove that the radius of injectivity is infinite
at points of the real diameter of B, and finite elsewhere. The metric has neither positive, nor negative
sectional curvature.

The proof of Theorem 1.1 splits into two steps. First, we compute the Riemannian metric associated
with rather general reproducing kernel quaternionic Hilbert spaces 7{; that is the “infinitesimal” length
metric g associated with the distance function

k k
oy(w,z) =4/1— v =
wlw, 2) \/ ‘<ka\% \kzun>,{

Theorem 1.2. Let 2 be a symmetric slice domain and let H be a reproducing kernel Hilbert space
of regular functions on ). Suppose that k is slice preserving: for any w € Q) the kernel function k,
preserves the slice Ly, identified by w. Then the length of a tangent vector d = dy +dy € Ly, + L}w =
T2 with respect to the Riemannian metric gy associated with H is given by

2

We prove

T 2 2 2
(et o]}, - oo ) (bl o], - o)
2, 0y = : i+ : a2
o Tl Tl



Symmetric slice domains are domains in H endowed with a natural symmetry, see Section 2. Exam-
ples of Hilbert spaces satisying the assumptions of Theorem 1.2 are the Hardy space on B and on the
right half-space H* = {q € H| Re(q) > 0}, and the Bergman space on B. The formula in Theorem 1.2
should be compared with that in Theorem 1.17 in [10]. See also formula (0.3) in [17]. Part I of Theorem
1.1 is a special case of Theorem 1.2.

The classification of the isometries in part II of Theorem 1.1 is carried out in Section 4.

The Riemannian metric g has a rather small group of isometries, compared with the state of things
in the unit disc of the complex plane, or even in the unit ball in several complex variables, with the
Bergman-Kobayashi metric. The latter metrics have a transitive group of isometries and, more, the
space is isotropic; whereas all isometries of the former have to fix the real line. One might expect that
something better is possible. Unfortunately, there is no Riemannian metric on B which is invariant under
any regular Mobius function, unless the Mobius function is already an isometry for the metric defined in
Theorem 1.1. If a geometric invariant for slice regular functions on the quaternionic ball exists, it has to
be other than a Riemannian metric.

Theorem 1.3. Let a be a point of B \ R. There is no Riemannian metric m on B having as isometry the
regular Mobius transformation q — (1 — qa)™" x (a — q).

The proof will be given in Subsection 4.3. We mention here that Bisi and Gentili proved in [5] that
the usual Poincaré metric on B is invariant under classical (non-regular) M6bius maps.

A first relationship between the space H2(B) and the metric g concerns the H? norm itself. Let
rS? be the sphere of radius 0 < r < 1 in B, with respect to the usual Euclidean metric; containing
quaternions ¢ = re!!, with I in S and ¢ in [0, 7]. The restriction of g to rS* induces a volume form
dVol,gs. Let f be in H%(B). Then,

1
2 T S N 2
112 e) = llgi(l " )VolrSS(TSg) /TS3 [fFdVolss,

a relation similar to the definition of the Hardy norm in the unit disc by means of the Poincaré metric.

In Section 5 we use the Caley map C' : ¢ — (1 — q)~*(1 + ¢) to write down the metric g in
coordinates living in right half-space H' := C(B) = {¢ € H| Re(q) > 0}. This makes it easier to
prove a bilateral estimate for the distance function associated with g, Theorem 5.4. As an application,
we further investigate the “rigidity” of the metric g, by showing that the only inner functions which are
Lipschitz continuous with respect to g have to be slice preserving. A regular function f : B — H is inner
if (i) it maps B into B; (ii) the limit as » — 1 of f along the radius r — ru exists for a.e. u in B and it
has unitary norm. A function defined from Q2 C H to H is slice preserving if it maps Ly N2 to L; for all
I'inS.

Theorem 1.4. Let f : B — B be an inner function. Then, f is Lipschitz with respect to the metric g if
and only if it is slice preserving. In this case, it is a contraction.

In particular, Lipschitz inner functions have to fix the real diameter of B.

We also consider in Subsection 5.1 four equivalent definitions of the Hardy space H?(H™) on H™.
First, functions f in H?(H") might be characterized, pretty much as in the one-dimensional complex
case, as inverse Fourier transforms -in the quaternionic sense- of functions F' : [0,00) — H with finite

L2-norm /2
Fll;2 = F 2d> )
11, (/0 F(Q)d

4



In Proposition 5.1 we show that H2(H™) is the Hilbert space having reproducing kernel ky,(¢) = (q +
w)~*. This second viewpoint has the advantage of relating H2(H*) and H?(B). We show in fact in
Proposition 5.2 that the reproducing kernel for H2(H") is a rescaling of the reproducing kernel for

H?(B): 1
kH2(B)(C*1(w), C(2) = 5(1 + Z)kHz(H+)(w, 2)(1+w).

Here we use the symbols £z 3 and K2+ for the reproducing kernels on B and H™, respectively.
Hence, third, the functions in H?(H™) mlght be defined as the rescaled versions of functions in H?(B).
In Proposition 5.3 we finally show that, fourth, the norm of f in H?(H") can be computed as the limit
of the integrals of |f|? on “horocycles” in H?(H), when these are endowed with the natural volume
form induced by the metric g. The space H?(H™) was defined in [2], using a fifth definition, which is
shown to give rise to the same reproducing kernel. Our contribution here is mainly relating H?(H™") and
the geometry of H*.

There are different extensions of the notion of Hardy space to the quaternionic setting, or to the more
general context of Clifford algebras. Let us spend a few words to motivate the one we have here adopted.
We might interpret the sequence {a, } as a quaternion valued signal in positive, discrete time n > 0, and
its #2 norm as a notion of energy, exactly as in the classical case of complex valued signals. The function
f(q) = >_72 q"ay is then the natural notion of generating function (the “g-transform”) for the signal.
The *-product arises in connection with convolution (or, to put it in the language of signal processing,
of linear and time invariant filtering); in general, slice regularity is the analytic constraint satisfied by
power series of a quaternionic variable. The geometry studied in this paper is related to the time shift
f(q) — qf(q), the most natural operator arising from the viewpoint of signal theory. In a forthcoming
paper, we will return to the interpretation of H2(B) in terms of signals in more detail.

A different and very interesting extension of the Hardy theory has been developed by Marius Mitrea
and other researchers over the past twenty years, relying on a different notion of regular functions.
The literature on the topic is vast. We direct the interested reader to the monographs [7] and [18] for
an introduction to, respectively, function theory on Clifford algebras and the corresponding harmonic
analysis; and to [13], especially the introduction, and the recent article [20], for a comparison between
the “Clifford” and the slice viewpoints.

Constructive criticism from an anonimous referee encouraged us to improve Theorem 1.3, which is
now stronger than in the previous version of the article, and proved by a different argument.

2 Preliminaries

We recall the definition of slice regularity, together with some basic results that hold for this class of
functions. We refer to the book [13] for all details and proofs. Let H denote the four-dimensional (non-
commutative) real algebra of quaternions and let S denote the two-dimensional sphere of imaginary units
of H, S = {q € H|¢? = —1}. One can “slice” the space H in copies of the complex plane that intersect
along the real axis,
H=|J®+RI), R=((R+RI),
Ies Ies

where Ly := R + RI = C, for any I € S. Then, each element ¢ € H can be expressed as ¢ = = + yl,,
where x,y are real (if ¢ € R, then y = 0) and I;; is an imaginary unit. Let {2 C H be a subset of H.



For any I € S, we will denote by {27 the intersection 2 N L;. We can now recall the definition of slice
regular functions, in the sequel simply called regular functions.

Definition 2.1. Ler ) be a domain (open connected subset) in H. A function f : Q — H is said to be
(slice) regular if for any I € S the restriction fr of f to 1 has continuous partial derivatives and it is
such that

B fr(a+yl) =

. <8 +18> frlw+y) =0

oz oy
forallz +yI € Q.

A wide class of examples of regular functions is given by power series with quaternionic coefficients of
the form ) ¢™a, which converge in open balls centered at the origin.

Theorem 2.2. A function f is regular on B(0,R) = {q € H||q| < R} if and only if f has a power
series expansion f(q) =Y o2 ¢"ay, converging in B(0, R).

For regular functions, it is possible to define an appropriate notion of derivative:

Definition 2.3. Let f be a regular function on a domain Q) C H. The slice (or Cullen) derivative of f is
the regular function defined as

0 0
st un) = (5~ Ty ) Fiat o)

We will consider domains in certain restricted classes.
Definition 2.4. Let Q) C H be a domain.
1. Qs called a slice domain if it intersects the real axis and if, for any I € S, Q1 is a domain in Lj.

2. Qs called a symmetric domain if for any point x + yI € Q, with x,y € Rand I € S, the entire
two-sphere x + yS is contained in ).

The ball B and the right half-space HT = {¢g =2+ Iy : I € S, z > 0, y € R} are symmetric slice
domains.
Slice regular functions defined on symmetric slice domains have a peculiar property.

Theorem 2.5 (Representation Formula). Let f be a regular function on a symmetric slice domain ) and
let x +yS C Q. Then, forany I, J €S,

Flo+yT) = 317 +yT) + flo —yD)] + T3z —yT) — f(o+ D))

In particular, there exist b, c € H such that f(x + yJ) = b+ Jcforany J € S.

When restricted to a sphere of the form x + yS, a regular function is actually affine in the variable q.
This nice geometric property leads to the following definition

Definition 2.6. Let f be a regular function on a symmetric slice domain ). The spherical derivative of f
is defined as

sf@)=(a—) " (f(0) — f(@)-



A basic result that establishes a relation between regular functions and holomorphic functions of one
complex variable is the following.

Lemma 2.7 (Splitting Lemma). Let f be a regular function on a slice domain Q2 C H. Then for any
I € Sandforany J € S, J L I there exist two holomorphic functions F,G : Q7 — Ly such that

fle+yl)=F(x+yl)+Gx+yl)J
forany x + yI € Q.

In general, the pointwise product of functions does not preserve slice regularity. It is possible to
introduce a new multiplication operation, which, in the special case of power series, can be defined as
follows.

Definition 2.8. Let f(q) = > 0" q"an, and g(q) = > 7", ¢"by, be regular functions on B(0, R). Their
regular product (or x-product) is

n

Frgla)=>_q" Y arbn

n>0 k=0
regular on B(0, R) as well.
The *-product is related to the standard pointwise product by the following formula.

Proposition 2.9. Let f, g be regular functions on a symmetric slice domain §). Then

. (o0 if fla) =0
Jrola) = { F@)g(f(@) af(a) if F(a) #0

The reciprocal f~* of a regular function f with respect to the *-product can be defined.

Definition 2.10. Let f(q) = >, ¢"an be a regular function on B(0, R), f # 0. Its regular reciprocal

is
1

(g = mfc(Q)y

where f(q) = > 7 4 q"y. The function f~* is regular on B(0, R) \ {¢ € B(0,R) | f * f¢(¢q) = 0}
and f x f~* =1 there.

For example, in the case of the reproducing kernel for the quaternionic Hardy space H?(B), we have

Remark 2.11. The reproducing kernel for H?(B) is
o0
ko(q) =) ¢"0" = (1 - qw) ™.
n=0

Then we have a natural definition of regular quotients of regular functions, which satisfy



Proposition 2.12. Let f and g be regular functions on a symmetric slice domain ) and denote by
Z={qeQ| fxfq)=0}1If T :Q\ Z — Q\ is defined as

Tr(q) = (@) 'af(q),

then
7 g(q) = [(Tr(@)'9(Ts(q)) forevery qe€Q\ Zps.

Important examples of regular quotients that will appear in the sequel are the regular Mobius trans-
formations, of the form

Ma(q) = (1 —qa)™" * (¢ — a),

where a € B, which are regular self-maps of the quaternionic unit ball B. After multiplication on the
right by unit-norm quaternions, they are the only self-maps of B which are regular, with regular inverse.
They were introduced by Stoppato in [21]. See also [13].

3 Metrics associated with quaternionic reproducing kernel Hilbert spaces

Let Q C H be a symmetric slice domain and let H be a reproducing kernel Hilbert space of regular
functions on 2. For the definition and all basic results concerning quaternionic Hilbert spaces see, e.g.,
[15] and references therein. For the properties we are interested in, the same results hold in quaternion
valued Hilbert spaces and complex valued Hilbert spaces, and the proofs are very similar. It is possible
to define a metric d3; on € in terms of the distance between projections of kernel functions in the unit
sphere of the Hilbert space H. Namely, if k(w, q) = k(q) denotes the reproducing kernel of #, then
0y : Q2 x © — R can be defined as

k k
oy (w, z) = 1‘< e >
(w,2) \/ Tl Teale /o

Proposition 3.1. Let ) be a symmetric slice domain and let H be a reproducing kernel Hilbert space
of regular functions on Q. Let w € QN Ly, and let d € H be such that w + d € §2. Consider the
decomposition d = dy + dg, where dy € Ly, and ds € L}-w. Then

2

. “

9 2
Vol [50RC) + DRaC], —| (b B0 T BORD), |

w13

63 (w, w+d) =

Proof. Recalling the definition (4) of d4, we get
‘2

&)

kaQ kaerHQ — wa kw+d>
52(w,w+d):” H i ) H
" [ A e [

We want to have a better description of the numerator of (5). Using the properties of the kernel functions
and the fact that regular functions are real analytic functions of 4 real variables, we can write

kuw+d(q) = ku(q) = ko(w + d) — kq(w) = (kq)u[w](d) + O(|d[*)



where (kq).[w](d) denotes the real differential of &, at the point w, applied to the vector d. We identify
here the tangent space T),(2 with H. Thanks to the decomposition properties of the real differential of
regular functions in terms of slice and spherical derivatives, see Remark 8.15 in [13], we have

kuw+d(q) = ku(q) = di10ckg(w) + d2dskq(w) + O(|d]?),

hence,

2
kwsal2, = Ikwll, + Hdlackq(w) n dg@skq(w)HH +2Re (I, d10cky(w) + dQBSk:q(w)>H +o(jd]?)
and

2
[k k)l = |1y + (ks d10ckg(w) + dedikg(w)) |+ O(1dP)

= |lkwlld, + ’<kzw, d10:kg(w) + dzas/fq(w)%{‘2

+2[|kw ||, Re <;<;w, d10ckq(w) + dg@skq(w)>H +O(|d?).

Therefore

9 2
Vol [50RC) + DRaC], — | (b B0 T BORD), [

%13,

63 (w, w+d) =

O]

Proposition 3.1 mirrors the complex case situation, see Theorem 1.17 in [10], or formula (0.3) in
[17].

In fact the functions 0.k, (w) and Osk,(w) are regular with respect to the variable ¢, and they repro-
duce respectively the slice and the spherical derivative of any regular function f : 2 — H. In fact, for
any w € €y, ,if h € Ly, , we can write

Of(w) =, Jim 7w )~ fw) = Jim BT (k) — (Fu)y)
= dm n T (Rl —Rg(w)), = dim (RO (), = (. 0k ())
and

Osf(w) = (w—w) " (f(w) = f(@)) = (w =)~ ({f, kw)r — (f, kw)n)
= (w — W) (f ke — )y = (w — ) <f, (w— w)@sk:q(w)>H - <f, ask:q(w)>H

Proposition 3.1 allows us to define a Riemannian metric g on the symmetric slice domain 2. For
each point w € (2, let us identify the tangent space 7,2 with H = L; + wa. Then the length of a
tangent vectord = dy +dy € Ly, + L}w is

2 2
, kw2, Hdlé)ck:q(w) ¥ dg@skq(w)HH . ‘<kw d10.kq(w) + dg@skq(w)>ﬂ‘
|d\gH(w) = ka”% )

Theorem 1.2 now follows from specializing Proposition 3.1 to the case of a slice preserving kernel, where
formula (6) simplifies.

(6)



Proof of Theorem 1.2. We begin by working out the numerator in equation (6). We have:

| ok () + dodiy(w) Hi = (@0 (w) T Ao (), d10cFg () + 0Ry(w)),

= oG], P

H Ids)? + 2 Re <d18 kq(w), dg&skq(w)>H

and

’<kw,dlack (W) + d20skq (w)> ]2 - ‘dlé)ck:w (W) + anskw(w)f

‘ ’dﬂ +

( )| |da|? + 2 Re <W()d265kw(w)> .

Hence we are left to prove that both

Re <dlackq(w), dg@skzq(w)>H — Re (dz <ackq(w), ask:q(w)>H ch)

and

Re (1 0cku(w) a0k (w) ) = Re (dadkn (w) 0k (w) di )

equal zero. Now notice that if k,, maps €27, to Ly, , the same holds true for both 0.k, and Osk,,. The
factthat dy € Ly, and dy € L}w leads us to conclude.
O

The hypothesis about kernel functions required in Theorem 1.2 is satisfied by the quaternionic analogues
of Hardy and Bergman spaces; see [1, 9].

4 Invariant metrics associated with the Hardy space H>(B)

In this section, we turn our attention to the special example of the Hardy space H?(B). We will study
the corresponding Riemannian metric g := gp2(p). Recalling that for any w the kernel function ., (q) =
> oo o ¢"w™ preserves the slice Ly, , we can directly apply Theorem 1.2 to find the expression of g, thus
proving the first part of Theorem 1.1.

Proposition 4.1. For any w € B, let us identify the tangent space T,,B with H. For any vector d € T,,B,
if wlies in L1, and we decompose d = dy + dg with dy in Ly, and dy in LLw, then the length of d with

respect to g is given by
1
2 _ 2
|d|g(w) - (1 — |w‘2)2 |d1| +

Proof. The following equalities can, by their nature, be reduced to simple calculations in the complex
plane:

2
m|d2| : (7

1
2 _
||k1UHH2(IB) T 1 "U}P,

(= )

TRy = |

(= w1 — w22

2 2 9 2
8Ck:w(w)‘ [v] 8sk:w(w)‘ [v]

B 1+\w]2
mm (11— |w?)3

10



—2 1 2 1 1
kW) = - - .
’ a(w) H2(B) |w — w2 <1— w2 1—w? 1—w2>

A direct application of Theorem 1.2, then, yields that, with respect to coordinates (dy,ds) € (Ly,,, L}w),

1
|d|§(w) = m—susldi|? +

2
D) 3|2l

1 —w?|
O
The volume form dV ol associated with the metric g at any point w = g + 17 + x2j + x3k € B is then

dV ol pyc(w)

W) = T Tuppl - wi

where dV olgy.(w) = dxodridxadzs is the usual Euclidean volume element.

Proposition 4.2. Let 0 := 0p2(p) be defined as in (4). For any w,z € B, 0(z,w) coincides both with the
value at z of the regular Mobius transformation M,, associated with w and with the vaule at w of the
regular Mobius transformation M, associated with z, namely

w,2) = (1= s g =2, =1 —qm) " s lg—w), _.
Proof. Let w, z be two points in B. By Proposition 2.12,
[ ks )| = Ihul2)| = (1 — q) . = [1 — 2
where 2 = (1 — zw)~!2(1 — zw), which implies

2

< il ks > Sz (1 wl?) (1 |P).
H2(B)

kwll r2my” 12| 72(B)

Thus, since |2| = |z|, we get

2

0 (w,z) =1 T
kaHH2(B) HkZ”HZ(B) H2(B)

= 11— zw[ 2 (|1 - 2w = (1— ) (1-|2P))

=|1— 2w ((1 - 2w) (1 — w?) — (1 —ww) (1 — 22)) = |1 — 2w > (2 —w) (£ — )

=1 — w2 )5 —w)? = ‘(1 —2w) ' (2 —w)‘2 = (1= qm) " (g—w)[| _,

where the last equality follows from Proposition 2.12. O
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The previous relation between the metric  (which is the finite version of the metric g) and regular
Mbobius transformations, is not unexpected. In fact, as studied in [6], the real differential (M,,), of
the regular Mobius map M,, associated with a point w € By, acts on Ly, by right multiplication by
(1 — |w|?)~! and on L}w by right multiplication by (1 — w?)~!. Looking at equation (7), we see that
the coefficients of the metric g at the point w with respect to coordinates (Lj, , Lllw) coincide in modulus
with the components of (M, ).. Moreover, the fact that g(w) measures vectors in Ly, by multiplying
their Euclidean length by ﬁ means that the restriction of g to a slice Ly is the classical Poincaré
metric in the unit disc B;.

Using spherical coordinates, B = {re'! | r € [0,1), t € [0,7], I € S}, if ¢ = ret! and we
decompose the lenght element dq = dq1 + dq2 € L1, + L}w, then, since d[ is orthogonal to I (because
I is unitary) we have |dy|? = dr? 4 r2dt? and |dy|? = r?sin® t|dI|? where |dI| denotes the usual two-
dimensional sphere round metric on S = S?. Therefore we get the expression of the metric tensor dsg
associated with g in spherical coordinates:

o dr? +ridt? r?sin? t|dI|?

ds; = .
K (1—=r2)2 (1 —7r2)2+4r2sin?¢

®)

That is, g is a warped product of the hyperbolic metric gj,, on the complex unit disc with the standard
round metric gs on the two-dimensional sphere [19].
4.1 Isometries and geodesics of (B, g)
From the expression (7) of g, it is clear that three families of functions act isometrically on (B, g):
(a) regular Mobius transformation of the form

_q4-A
1 —g)\

g My(g) = (1—=q\) " x(qg—A)

with Ain (—1,1);

(b) isometries of the sphere of imaginary units, which in polar coordinates » > 0,¢t € [0,7],I € S
read as
qg=rel — Ta(q) = retAl)

where A : S — S is an isometry of S;

(c) the reflection in the imaginary hyperplane,

q+— R(q) = —q.

Our goal is to prove the following classification result, thus proving the second part of Theorem 1.1.
Theorem 4.3. The group T of isometries of (B, g) is generated by maps of type (a), (b) and (c).

The proof requires a few steps. To begin with, we identify three classes of totally geodesic submani-
folds of B, each one related to a class of isometries.
The first family is the one related to isometries of type (a).

12



Lemma 4.4. For any I € S, the two-dimensional submanifold of B
By =BNL;={re eB|rel0,1),te]0,2n]}
is totally geodesic. In particular, for any 1 € S, By is an hyperbolic disc.

Proof. FixI € S and let g,llyp be the restriction of the metric g to B, which is just the classical hyperbolic
metric in the unit disc. We will show that each geodesic of (B, g{Lyp) is still a geodesic of (B, g).
Pick two points w, z in B; and let y be the (hyperbolic) geodesic in B; joining w with z, and a(7) =
r(7) (cos(t(7)) + sin(t(7))I(7)) be a parametrized curve which joins w = a(7y) with z = a(r). If
71 (av) denotes the piecewise regular curve obtained by projecting « on By,

w1 (@) (1) = r(7) (cos(t(r)) + sin(t(7))I) ,
since |dI| is orthogonal to B, we conclude
length(a) > length(7y (o)) > length(~y).
O

The second family of totally geodesic submanifolds is related to isometries of type (b). For any
I € S, we denote by C(I) the great circle obtained intersecting S with the plane Lll.

Lemma 4.5. For any J € S, the three-dimensional submanifold of B
B(C(J)) = {re’! € B|r €[0,1),t € [0,7],I € C(J)}
is totally geodesic.

Proof. We will prove the statement by showing that the imaginary units identified by all points ly-
ing on a same geodesic always belong to the same great circle of S. More precisely, let y(7) =
r(7) (cos(t(7)) + sin(¢(7))I(7)) be a parametrized geodesic of (B, g) such that

{ Y¥(10) = w0 + yolo
¥ (10) = vo + woJo

We want to show that, for any 7, the imaginary unit I (7) of v(7) belongs to the great circle of S identified
by Iy and Jy, namely that, for any 7, I(7) € C := C (Ip x Jy).Lett : S — S be the reflection of S with
respect to C. Then the curve ¥(7) = 7(7) (cos(¢t(7)) + sin(t(7))y(I(7))) is a geodesic of (B, g) such

that B
{ ¥(10) = (7o)
¥ (70) = +'(70)
since 1 fixes Iy and Jy. By the uniqueness of geodesics with assigned initial conditions, we get that

(1) = ~(7) and hence that 1) fixes I(7) for any 7. Therefore we conclude that I(7) € C for any
Tel O

The third totally geodesic submanifold is the one related to the last class of isometries, type (¢).
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Lemma 4.6. The three-dimensional submanifold of B
B(n/2) = {re! €eB|re0,1),t =7/2,] €S} = {rI|r€[0,1),I €S}
is totally geodesic.

Proof. The statement can be proven following the line of the proof of Lemma 4.5. The ingredients are
the fact that the map R : B — B, ¢ — —q is an isometry which fixes (punctually) B(7/2), and the
uniquness of geodesics with assigned initial conditions. O

Considering the intersection of totally geodesic submanifolds of type B(C(.J)) with B(7/2) allows
us to identify another family of totally geodesic submanifolds of B.

Corollary 4.7. Let C(J) be a great circle in S. Then the two-dimensional submanifold D (7 /2,C(J)) C
B(7/2), defined as

D (n/2,C(J)) = {retl e B|re[0,1),t=n/2,1 € C(J)}={rl €B|re[0,1),I €C(J)},
is totally geodesic.

Remark 4.8. Notice that for the two-dimensional submanifold D (7/2,C(.J)) the following orthogonal-
ity relation holds:

D (m/2,C(J)) "By = {0} and Ty D (7/2,C(J)) = ToB+.

Moreover, applying Mobius maps of the form M)y to D (7/2,C(J)), we can extend the orthogonality
relation from the origin to all points in B N R. In this way we obtain a family of totally geodesic
submanifolds

D (t,C(J)) = My (D (7/2,C(J])))

that, for t € [0, 7] and J € S/{£1}, defines a foliation of the manifold B.

In order to have some understanding of the (global) behavior of the metric g, let us investigate some
metric properties of the discs of the type D (%, c(J )) Since the imaginary units taken into account
belong to C(J) = S', we can change coordinates, setting I = ¢’ and |dI| = d#f, so that the metric g, on
D (%,C(J)), reduces to

dr? r2df?
=22 (1122
It is actually convenient to parametrize D (5,C(J)) C I = R? as a surface of revolution of the form
(®(p), U(p) cosB, ¥(p)sin B), where p is the arc length of the generating curve. Setting

2 _
dSD—

1 147

= :—1
p=p(r)=glog—,

we get

dr? r? 1
S —dp? and —— = —tanh?(2
(o~ 4 and ey = g tanh(20)
and hence, in coordinates (p, §), we get that the metric is expressed as

1
ds? = dp* + i tanh?(2p)do? = dp® + U2 (p)do>. ©))
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Remark 4.9. The Gaussian curvature K of the two-dimensional submanifold D (g, C(J )) is positive.
In fact, see e.g. [12], with respect to coordinates (p, ) it can be computed as

_ =9"(p)
K=730)

which is a non-negative quantity since ¥ (p) = %tanh(2p) > 0 and ¥”(p) < 0. This in particular

implies that the sectional curvature of (B, g) is positive on all sections D (g, C(J )), while it is negative
on all slices Bj.

It is possible to study geodesics of D (g, c(J )) by means of the Euler-Lagrange equations

o) d o
S5 —4dor
dp dt 9p

associated with the Lagrangian

. 1 h2(2p) -
L(p79ap3077_) =5 <p2 + tan(p>92> ’

2 4
namely
0— % (tanhz(Qp) 9)
17tanh2(2 ) A (10)
tanh(2p) ——10% = p.
The first equation in (10) yields
tanh2(2p)0- A,
4
for some constant A. If A = 0, we get 6 = 0 and hence the second equation in (10) implies that p = 0.
If otherwise A # 0 we get § = —24__ which implies |§] > 4|A|. Therefore all generating curves,

tanh?(2p)
with § = 0, are geodesics of D. Which is not surprising since they correspond to radii y(r) = re?
for I € C(J). The other important fact that arises is that for any point ¢ € D (3,C(J)) \ {0} any
geodesic corresponding to A # 0 intersects in finite time the “radial” geodesic through ¢. This leads to
the following result.

I

Lemma 4.10. Let J € S. Forany q € D (g, C(J )) such that q # 0, the injectivity radius at q is finite.
On the other hand, the injectivity radius at ¢ = 0 is infinite.

This important metric property of the point ¢ = 0 is useful to classify the isometries of (B, g). First of
all it tells us that isometries map the real diameter of B to itself.

Lemma 4.11. Let I" be the group of isometries of (B, g). Then, forany ¢ € T, (BNR) =BNR.

Proof. Consider first ¢ = 0. Since the injectivity radius at ¢ = 0 is infinite, then, for any ¢ € I, the
injectivity radius at ¢(0) is infinite as well. By post-composing ¢ with a regular M6bius transformation
of type (a) My we can map 0 to D (%,C(J)) (for some J € S) and hence Lemma 4.10 yields that
M (¢(0)) = 0. Since M, preserves the real diameter of B, we get that ¢(0) € R. To conclude, notice
that we can map each point of B N R to 0 by means of a regular M6bius map of type (a). O
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We can finally prove the Classification Theorem for isometries of (B, g).

Proof of Theorem 4.3. Let ® € I be an isometry of (B, g). Up to composition with a regular Mbius
transformation of type (a) and with the map R : ¢ — —¢, we can suppose that ®(0) = 0 and that, by
Lemma4.11, ?(BNR') =BNR™.

We now show that ® fixes B(m/2). Set B(n/2) = ®(B(x/2)). Since ® is an isometry, Lemma
4.6 implies that B(m/2) is a totally geodesic submanifold of B. Moreover, since ®(0) = 0, since the
geodesics starting at 0 lie on slices, and since, by Lemma 4.4, the slices carry the usual hyperbolic-
Poincaré metric: we have that ® maps radii y;(r) = re2’ to radii of the form ®(v;(r)) = ref(D¥()
with 6(I) € [0, 7], and ¢)(I) € S. Let us show that 6 is actually constant on S.

If d, denotes the distance function on B associated with g, recalling equation (8), on the one hand we
have

dg (P(v, (1), (71, (1)) = dg (v, (), 71, (1)) = dy <r6211 Te%lz)
< 1£T2d (I, L) "3 1ds(11,12) (1)

where dg denotes the usual spherical distance on the unit sphere S. In particular we deduce that

dg (2(1, (7)), 2(71,(7)))

is bounded as a function of 7. On the other hand, if a(7) = 7(7)e!™!(") is a parametrized geodesic
joining a(71) = @ (v, (1)) and a(72) = P (71, (7)), we have

D(y,(r))) = dg (T‘ee(h”’(h),7‘69”2)“’”2)) = length (a([r1, 7))

'Yh
2 4+ r2t’ (1)2 r(1)2sin?(t(7))1'(1)?2
/ \/ 1—r(r + (1 —7(7)2)2 + 4r(1)2sin?(¢(7)) ar

)2t
/ \/ : t( )2 dr > dhyp(reg(h)],re(’(b)l)
— 7“

where I is any fixed imaginary unit and dp,, the hyperbolic distance associated to the restriction géyp
of the metric g to BN L;. If, by contradiction, 6(1) # 6(I), then the distance dp,, (re? 1)1 ref(2)1)
tends to infinity as r goes to 1, contradicting (11). Then, 0(I;) = t(71) = t(12) = 6(I2): 0 is constant
on S.

Therefore we have that B(r/2) is ruled by radii of the form 7(r) = refo! for some constant to. If
to = m/2, then we are done. Suppose then ty # /2. Since B(m/2) and B(r/2) intersect at 0 and they
are three-dimensional submanifolds in H, the intersection V' of their respective tangent spaces at 0 must
have dimension 2 or 3. Let v be a vector in V and let  — re’? be the reparametrized geodesic with
initial velocity v. The geodesic lies on both B(7/2) and B(r/2), hence ty = ¢t = m/2. (A different proof
consists in showing that, if to # 7 /2, then B(7/2) is not smooth at the origin).

The next step is to show that the restriction of ® to B(w/2) is an isometry Ty of type (b) for some
isometry A of the sphere S. We have that

dy (27, (1), (1, (1) = dy (reF V) eV ). (12)

We now prove an improvement of (11).
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Lemma 4.12. .
}1_}1)% dg <regh,re%12) = §dS(I1,I2).

Proof of the lemma. Only the case I; # I is interesting. Let D (7/2,C(J)) be the two-dimensional
manifold introduced in Lemma 4.7 which contains the reparametrized geodesics r — rezli, j=12.
The metric g restricted to the totally geodesic surface D (7/2,C(.J)) was discussed earlier in this sub-
section, where we gave it the expression (9). Since W'(p) = 1/cosh(2p) < 1, the surface can be iso-
metrically imbedded as a surface S in R3, with parametric equations (u(s, 6),v(s, ), z(s,0)) = x(s,0),
where:

u = p(s) cos(0);

Here s > 0,0 € [—m, 7] and p : [0, +00) — [0, 1/2) is a smooth, increasing function such that p(0) = 0
and lim,_, p(s) = 1/2. The relationship between p and W is the following: if [ \/p/(0)? + 1do = p,
then p(s) = 1 (p). Now, r = constant — 1 corresponds to s = constant — oo, and the choice of I;
and I, corresponds to a choice of #; and . Let k be the metric on the surface. It is elementary that

. 1
lim dg.(x(s,01), x(s,02)) = 5 ds1(01,02)
$—00 2

is one-half the distance between 61 and 65 on the unit circle, which is the same as one-half the distance

between 1 and I in S. O

Equations (11) and (12) together with Lemma 4.12 imply that that ¢) : S — S is an isometry of the
sphere S, i.e. ®|g(r/2) = Ty|B(r/2)- In conclusion, Tw_1 o ® is an isometry that fixes R N B and B(7/2)

and hence its (real) differential at the origin (del o ®).[0] : ToB — TpB is the identity map. Therefore
Tw_l o @ is the identity map as well and the theorem is proved. U

4.2 Volume form on the boundary of B

If we restrict the metric g to a three-dimensional sphere rS? of radius 7, in spherical coordinates we get

r? r2sin?t
ds’ss = ———5—dt* + dI|?
rs? (1—1r2)2 (1 —72)2 4+ 4r2sin?(t) 1]
whose corresponding volume form is
3 oin2
t
dV olgs (retl) = roem dtdAs(I)

(1 —72)((1 —72)2 + 4r2sin?(t))

where dAg denotes the area element of the two-dimensional sphere S. This volume form (after a nor-
malization) induces a volume form on the boundary S? of the unit ball: if u = e3/ € S?, we have

1-— r2)r3 sin? s
dVol = lim (1 —r?)dVol = i (
olgs (u) := lim (1 =r7)dVolgs(ru) = lim o o 07 4 472 sm?(s))

_ idtdAS(I).

dtdAs(I)
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Notice that dV olgs is the product of the usual spherical metric on the two-dimensional sphere S with the
metric dt on circles S? which appears in the definition of Hardy spaces given in [11]. Moreover in [11] it
is proven that any f € H?(B) has radial limit along almost any radius and hence, denoting (with a slight
abuse of notation) the radial limit by f itself, we have

Proposition 4.13. If f € H?(B), then

™
/]f )2V olgs (u / / ') PatdAg(D) = 21| I3aqe)

An analogous relation holds for the Hardy space on the right half space. See Section 5.

4.3 Proof of Theorem 1.3

Leta € B, a ¢ R, and consider the map ¢(q) = (1 — ga) * * (a — ¢q). Then, we can write

P(q) = (iqnan) Zq” "“a* = 1) +a.

Taking into account that ¢ and ¢ commute and manipulating geometric series, we find expressions for
the spherical derivative of ¢ :

85¢( q_q IZ n an— 1(|a’2 )

o oo
—Zq” 12 ¢ ')t @ (a2 - 1) =" gmamat(laf? - 1),
n=1 k=0 m=0

and for the Cullen derivative of ¢:

o0
q)=> ng" 'a"(la]’ - 1)
n=1

Thus,
9c$(0) = 95(0) = |a|* — 1
and (see also Remark 4 in [6])

det(a) = (Jal* ~ 1) and  9,6(a) = (@ — 1)~

Consider now a tangent vector d € TyB (identified with the space of quaternions) such that d € Li
(where Ly, is the unique slice containing the point a). Recalling the decomposition of the real differential
of a regular function in terms of spherical and slice derivatives, we have

$+[0](d) = dDs$(0) = d(|a> — 1) € T.BN L,
and, if we apply to this new tangent vector the real differential of ¢ at a, ¢.[a] : T,B — ToB, we get

1— |al?
1—a?’

P«[a](¢+[0](d)) = d

18



1-|a|?

Since d € TyBN L7 and (a*—1) € Ly, the vector ¢, [a](¢.[0](d)) lies in TyBN L7 . Now, |2 | < 1

if a € B\ R. Let B, be the unit disc in 7B N Lfa , with respect to the Euclidean metric induced by the
identification of 7pB and H. The linear map ¢, [a] o ¢.[0] maps B, into a proper subset of itself, hence
it can not be isometric.

5 Metric in the right half space H™"
Consider the right half space H" = {q € H | Re(g) > 0}. The Cayley map C : B — HT,

Cla)=(1-q)'(1+aq),

is a regular bijection from the quaternionic unit ball onto the quaternionic right half space with regular
inverse the function C~! : Ht — B,

CHg)=(1+q) (g—1).

The aim of this section is to study the image (H™, ) of (B, g) under the map C, where h is the pullback
of the metric g by the map C . In the introduction we labeled g and h by the same letter, since C' is by
definition an isometry from (B, g) to (H™,h). Let w € H' and let v = v; + v be a tangent vector in
T,H" = Ly, + L7.. The length of v with respect to h is

|U|h(u) = ‘(C_l)*[u](vﬂg(cfl(u))

where (C~1),[u] is the real differential of C~! at the point u € H*. Recalling the decomposition of
the real differential of a regular function in terms of its slice and spherical derivatives, if v = v1 + vo €
Ly, + L}u we can write

(C7 Y[t (v) = 110.07(u) + v20,CH(u) = vy

2
Atz rae
Hence (C').[u] preserves the decomposition T, H" = Ly, 4+ L. and we get

1 4 1 4
|U|i( ) = o1 |* + |oa?
Y (1= O W) )P L+ 1= C M (w)?*? L+ ul*

1
= ol + 022,

4Re(u)?

Alul?

If v € Ly, then its length is, not surprisingly, the hyperbolic length in the hyperbolic half plane H}; =
{z +yI,|z > 0,y € R}. Notice that C maps By to H for any I € S and it maps the totally geodesic
submanifold B(7/2) to Ht(7/2) := C (B(r/2)) = {¢ € H"||¢| = 1} i.e. the right half of the
three-dimensional unit sphere S3. Then it is not difficult to verify that the isometry group of (H*, h) is
generated by the images under C' of isometry of (B, g) of type (a), (b) and (c),

(a’) linear maps preserving the positive real half-axis,
q = g,

with A > 0;
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(b’) isometries of the sphere of the imaginary units, which in polar coordinates » > 0, t € [0,7/2),
I € Sread as
q=rel = Talq) = retAl)

where A : S — S is an isometry of S;

(c’) the inversion in the three-dimensional unit (half) sphere

qr —.
q
Acting on H (7/2) by means of isometries of type (a’) we obtain totally geodesic regions of the form
{q € H* ||q| = R} for R > 0, that can be sliced in totally geodesic two-dimensional submanifolds,
corresponding to submanifolds of type D(¢,C(.J)) in the ball case.

In this setting it is possible to introduce horocycles, i.e. hyperplanes of points with constant real part,
H. = {q € H" | Re(q) = ¢} for some constant ¢ > 0. They deserve the name of horocycles because
their intersection with each slice Ly is a proper horocycle in the hyperbolic half plane H;“ Isometries of
type (a’) map horocycles one into another.

If we restrict the metric h to horocycles we obtain that the length of a vector v = vy + vy € T, H, =2
RI, + Lt tangent to the horocycle H. at the point u € H,, can be written as

02, = o + !
¢ 4c? 4(c? + | Im(u)|?)

|va|?

and the corresponding volume form at u = ¢ + x1% + x2j + 3k is

dV ol gyc(u)

dVoly, (u) = 8c(c? + | Im(u)|?)’

(since the component in Ly, is one-dimensional) where dV olg,.(u) = dxidzedxs is the standard Eu-
clidean volume element. If we want to define a (non-degenerate) volume form dV olgg+ on the boundary
OH™ of the quaternionic right half space we can not directly take the limit of dV oly, as ¢ approaches 0,
we need indeed first to normalize it. For any u € OH™", we define

. . dV ol puc(u + ) dVolpue(u) _ dVolpuc(u)
Vol = lim ¢ (dVol =1 = -
Olon+ (u):=lip, e (dVoln. (ut ) = B g Tim(u+ OB ~ Sm(wP ~  8Jul

13)

5.1 Hardy space on H*

We will show that, as in the case of the metric g on B, the invariant metric 4 on H™ introduced in the
previous section and in particular the corresponding volume form (13), is related with the quaternionic
Hardy space on the right half space H*. It is possible to define the Hardy space H?(H™) on H* as the
space of regular functions f : H™ — H of the form,

+o0
flg) = /0 e C4F(¢)dc, (14)
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with F' : Rt — H, such that

“+o0
1 B ey = /0 F(Q)PdC < +50. (15)
Proposition 5.1. The quaternionic Hilbert space defined by (15) has reproducing kernel
k(g w) = (¢ +w) ™"

Proof. Let w be a point in H. The reproducing function of H?(H™) at w, if it exists, has to be a
function

+oo
ka.w) = kule) = [ G
where G : RT — H belongs to L?(R*) and it satisfies

+o0 +o0
flw) = ks = [ GOFQdC= [ e R(Qac.
Hence G(¢) = e~*%, which implies G(¢) = e~*™. That is, the kernel function is

+o0o i
kw(q) = /0 e S50,

To obtain a closed expression of ky,(g), let first ¢ be a (positive) real number. In this case ¢ commutes
with all points in HT and we can write

T et L
k = e S\ e = .
o= [ (- —=
Consider now the function ¢ — (¢ + @) * (here the regular reciprocal is defined with a slight general-
ization of Definition 2.10, see [13]). This function is regular and it coincides with g — (g +@)_1 on real
numbers. Thanks to the Identity Principle for regular functions, Theorem 1.12 in [13], we obtain that the
reproducing kernel is &y, (q) = (w +q) " = [,/ e=¢We 4. O

Another way to obtain the reproducing kernel on H?(H™) is the following.

Proposition 5.2. Denote by k2 gy and by k2 y+) the reproducing kernels of the Hardy space on the
unit ball H?(B) and on the right half-space H*(H) respectively. Let C : B — H* be the Cayley map,
Clq) = (1 —q)" (1 + q). Forany z,w € HT, the function k2 (C~' (w), C~'(2)) is a rescaling of
the reproducing kernel of H*(H™):

ki) (CH(w), O~ (2)) = %(1 + 2) kg2 (w, 2)(1 + ).

Proof. The map C'~!, having real coefficients, is slice preserving. Hence, we can compose k2 @) With
C~! preserving (left) regularity in the first variable and (right) “anti-regularity” in the second one. We
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have, then,

k@) (C71(2), C™H(w)) = (1 — ¢C~ 1 (w))

q=C~1(2)
= (1-2C7 () Re(C™ (w)) + O ()| w)]?) ™ (1 - €7V (2)C (w))
= (14 221+ wf? (|14 w2(1+2)? = 2(1 = 22)(1 = [w]?) + (1 — 2)2[1 — w]?)
(1427 (L 21+ w) — (1 - 2)(1—w)) (1 +w)™!

-1

- (1 + z)i (2% + 2z Re(w) + |w\2)_1 2(z+w)(1+w)
(1 b)) (14 W) = %(1 + 2kmegen (w, 2) (1 4+ ).

O]

Now we want to show that the volume form on OH™ obtained in (13) is the natural volume form for
the Hardy space H?(H™). In fact, let f(q) = [,"*° e 9F(¢)d¢ € H?(HT). Forany I € S, we can
decompose the function F' as F'(() = Fi1(¢ ) + F»(¢)J where J is an imaginary unit orthogonal to / and
Fi,F; : R — Lj. It is possible to prove (see [2]) that functions in H?(H™) have limit at the boundary
for almost any point yI € OH" = {vJ | v > 0, J € S}. If we denote by dAg the usual surface element
of the unit two-dimensional sphere S, thanks to equation (13) and to the orthogonality of I and .J, we
can write

| rwnPavelsn = [ 15
-7
- élz/s (/0+oo /0+OO eV (Fi(Q) + F2(¢)J) d¢
-1 ( / +°° / " el (O + / +°° e—4y1F2<c>Jd<2dy> dAs(1)
= % /s ([m /0+oo IR dy+ /;OO /0+OO e~ VER(Q)

2
dy) dAs(I)
27 oo ee
o S( /0 FL(O) dC + /0 IF(0) !2d<> dAs(D)

where the last equality is due to the classical Plancherel Theorem. Therefore, thanks again to the orthog-
onality of [ and J,

82

/+OO (¢ dC’ ZdAS( )>dy
0

2
dy) dAs(I)

Proposition 5.3. If f belongs to H>(H™T) and F is as in (14), we have the equalities:

/ FD) Vol <I>—”/ /+°°|F<<>Pdc dAs(T) = 7| |2 (16)
SH+ Y Olog+ Y - 4 S 0 S =T H2(H+).

Propositions 5.1, 5.2, and 5.3 provide four isometric definitions of H?(H™").
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5.2 A bilateral estimate for the distance and the proof of Theorem 1.4

In the right half space model it is easier to prove a bilateral estimate for the distance associated with the
invariant metric h. Fix a imaginary unit Iy and define the projection

m:x+yl — x4+ yly, a7

with x real and y > 0. Let dj,, be hyperbolic distance in H}“O ={x+ylp: x>0,y cR}:dyy,is
the distance associated with the Riemannian metric tensor ds; , = (dz” + dy?)/(42?). Let now ds be
the usual spherical distance on the unit two-dimensional sphere S, associated with the metric tensor dsé.
Then, the metric tensor associated with ~ can be decomposed as

y2

. A—; Y
4(22 + y?) °s

dsi = ds%yp +
Theorem 5.4. Let q; = z; + y;1;, j = 1,2, be points in HT: z; > 0, y; > 0. The following estimate
for the distance function dj, associated with the metric h holds:

dn(q1, a2) ~ dnyp((a1), 7(2)) + min{ Ui 1,2} ds(1h, 1),

=
A
where ~ means that we have a lower and an upper estimate for the right hand side in terms of the left
hand side, with multiplicative constants C1, Cy independent of q1, qo.

Proof. We may suppose that y1 /|q1]| < y2/|qz].

The upper estimate is elementary. Let -y be a curve going from g; to 1 +y1 2 € H}; leaving z =
and y = y; fixed, and varying the imaginary unit I only. Suppose, more, that [ varies along a geodesic
on S, which joins I; and 5. Then,

Y1 Y1
length(y :/ dsg = ds(Iy, I2).
) + 2|a] 2|q1| (. 12)

Let now 0 be a hyperbolic geodesic in Ly,, joining 21 + y1/2 and ga: length(8) = dpyp(7(q1), 7(q2)),
which proves the estimate.
The lower estimate is more delicate. Let v be a curve in H™ joining g1 and g2. Then,

length(’}/) = /dsh > dshyp > dhyp(”(Ql)ﬂT(@))- (18)
0l ()
‘We have then to show that
/dsh > YU gs(1, In). (19)
ol |Q1|

Since the right hand side of (19) is bounded, and we have already proved (18), it suffices to show that (19)
holds when d,,(7(q1), 7(q2)) < 1. By elementary hyperbolic geometry, see the “sixth model” in [8],
and using the fact that dilations p — Ap are isometric for A > 0, we can assume that 7(q;) and 7(g2) both
lie in the square Q,, = {z+ylp: 1 <x <2, n <y <n+1} C Ly, for some integer n > 0. Consider
now g3 = x3+ysl3, y3 > 0 the point along v which minimizes y3 /|g3|. We can assume that () (hence,
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7(g3)) is containedin Q, = {z =z +ylp: >0,y>0,1/2<x<2 n—-1/2<y<n+3/2},
otherwise length(+y) > 1 (which would imply the estimate (19) we are proving). Let t > 0 be the angle
between the positive real half axis Rt and the half line originating at 0 and passing through 7(g3). For
j=1,2,3:

tj ~ sin(t;) = y;/lq5]-
We have two cases. Either y3/|q3| > 1/2 - y1/|q1], but then we are done because

Y 2 U1
Y g2 > (1 L),
/72|q| 52 gg et )

Oryg/\qg\ S 1/2 . yl/‘ql’- Then n = 0, and

/dSh > length(r(y)) 2 max(|m(21) — m(23)|, [7w(22) — 7(23)]) > |7(21) — 7(23)]
8

>y 2 2dg(ly, I).
| 1]

Overall, fﬂ/ dsp, = y—lldg(h, 1), as wished. O

21
Changing coordinates from the right half plane to the ball, we have the same bilateral estimate in the
ball model.

Corollary 5.5. Let d, be the invariant distance associated with the metric g in the ball model and let
q1, q2 be points of B. If w is defined as in (17), then:

dg(q1, q2) = dnyp((q1), 7(g2)) + min { T qu“ S 172} ds(I1, I2).
J

We collect some facts which will be used in the proof of Theorem 1.4.
It is well known (see [11]) that regular, bounded functions have radial limits along almost all radii,

f(e”) = lim f(TeH)

r—1

exists for a.e. (¢t,I) € [0, 7] x S. We start with a Lemma which might have independent interest; for
instance, it provides a different route to prove the classification of the isometries for the metric g.

Lemma 5.6. If ¢ : B — B is Lipschitz with respect to the metric g and

lim p(rett) = et € OB (20)

exists, with s € [0, 7] and Jy € S; then for each I in S, if the limit lim, _,1 @ (re!2!) exists, then

lim p(retf?) = /2 2D

for some Jy in S. The values of t and s in (21) are the same as in (20).
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Proof. Let uj = e'li, with the same ¢ € [0, 7r]. By Lipschitz continuity,

dp(rur), p(rug)) < d(rus, rug)
rt|I; — Io|

R S
(1—7“)4—7“75N‘1 2|
1.

IN

(22)
By the lower estimate in Corollary 5.5 and (22),

dhyp (7 (p(rur)) , m (p(rug))) < 1.

But this and elementary hyperbolic geometry imply that, if lim, .1 ¢(ru;) = e/1, then the limit
lim, 1 7 (¢(ruz)) = L exists and L = e*0 (recall that 7 : B — Lp,). Since lim, ; ¢(ret2) = L
exists by hypothesis and 7 is continuous, it must be 7(L) = /0, then L = e”2 for some .J5 in S.

O

The statement of Lemma 5.6 can be sharpened in several ways. For instance, the Lipschitz assump-
tion might be weakened to a sub-exponential growth assumption. We apply it to show that inner Lipschitz
functions are scarce.

Proof of Theorem 1.4. Being inner, f has boundary limits along radii  — ret! for a.e. I in S and ¢ in
[0, 7]. We write for such couples of (¢,1): f(e'!) := lim,_,; f(re'!). We can assume without loss of
generality that the limit exists for two antipodal imaginary units L and — L, and hence, in view of the
Representation Formula 2.5, for any L € S. If f is regular and Lipschitz with respect to the distance d,,
thanks on the one hand to the Representation Formula 2.5, on the other hand to Lemma 5.6, we have that
forany I € S
() + Te(t) = () = 27D

where b(t), c(t) € H, and s(t) € [0,27] and J(t,I) € S. Then Re(f(e'!)) = Re(f(e'*)) forany L € S
and in particular for L = —1I, which gives

Re(b(t)) — (I,c(t)) = Re(b(t) + Ic(t)) = Re(b(t) — Ic(t)) = Re(b(t)) + (I, c(t))

(where (-, -) denotes the standard scalar product in R*). Since I is any imaginary unit, we necessarily
have that ¢(t) € R.

Also, comparing imaginary parts, for any L1, Ly € S we have |Im(f(e/F1))| = |Im(f(e!*2))].
Then, if b = by + b1 K with by,b; € R, K € S (omitting the dependence on t), when L1 = K and
Lo = —K we get

[b1tel = [ Im(bo+b1 K +cK)| = [Tm(f(e'™))] = [ Im(f(e™"))| = | Im(bo +b1 K —cK)| = [by —].
Therefore almost every ¢ € [0, 7] belongs to D U E:
D={t: c(t)=0}, E={t: bi(t) =0}.

Consider first the case when ¢ € D holds a.e.. Then f(e'!) = b(t) for almost every ¢. Since boundary
values uniquely identify f (see [11]) and by invariance under rotations of S, we deduce that

flre') = @(r),
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for some function ®. In particular, f can not be open (dim(f(B)) < 2), hence (see Theorem 7.4 in [13])
it must be constant; thus it is not inner. Then E has positive measure. For ¢ in F,

b(t) 4 Ic(t) = f(et) = es®IED

with b and c real valued, hence J = I:
f(etI) _ es(t)I (23)

for t in F'. By the Splitting Lemma 2.7, if J L I is fixed in S, then there are holomorphic functions F, G
on B; such that
f(re™) = F(re™) + G(re™)J.

By (23), G(e'!) = 0 for t in E. Since E has positive measure, this implies that G' vanishes identically
and hence f(re™) = F(reﬂ) forall0 <r < 1land0 < 7 < 7. Thatis, f is slice preserving.

We have to verify that f is a contraction with respect to the metric g, and this can be verified at the
infinitesimal level. Let ¢ be a point in a fixed slice B N L;. (i) Since f is slice preserving, its restriction
to B N L; is an inner function in the one dimensional sense, hence it is a contraction of the Poincaré-
hyperbolic metric on B N Lj. (ii) On the other hand, preserving the slices, f acts isometrically in the S
variables, with respect to the spherical metric on S. (iii) Now, the space tangent to B N Ly at ¢ and the
space tangent to Re g 4+ S at ¢ form an orthogonal decomposition, with respect to the metric g, of the
space tangent to B. From the expression for g given in (8) and facts (i)-(iii) one easily deduces that g is
a contraction. O
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