UNIVERSITA POLITECNICA DELLE MARCHE
Repository ISTITUZIONALE

The combinatorial invariance conjecture for parabolic Kazhdan-Lusztig polynomials of lower intervals

This is the peer reviewd version of the followng article:

Original

The combinatorial invariance conjecture for parabolic Kazhdan-Lusztig polynomials of lower intervals /
Marietti, Mario. - In: ADVANCES IN MATHEMATICS. - ISSN 0001-8708. - STAMPA. - 335:(2018), pp. 180-210.
[10.1016/j.aim.2018.07.008]

Availability:
This version is available at: 11566/262525 since: 2022-05-21T18:23:41Z

Publisher:

Published
DOI:10.1016/j.aim.2018.07.008

Terms of use:

The terms and conditions for the reuse of this version of the manuscript are specified in the publishing policy. The use of
copyrighted works requires the consent of the rights’ holder (author or publisher). Works made available under a Creative Commons
license or a Publisher's custom-made license can be used according to the terms and conditions contained therein. See editor’s
website for further information and terms and conditions.

This item was downloaded from IRIS Universita Politecnica delle Marche (https://iris.univpm.it). When citing, please refer to the
published version.

(Article begins on next page)

20 February 2025



THE COMBINATORIAL INVARIANCE CONJECTURE FOR
PARABOLIC KAZHDAN-LUSZTIG POLYNOMIALS OF LOWER
INTERVALS

MARIO MARIETTI

ABSTRACT. The aim of this work is to prove a conjecture related to the Combinatorial
Invariance Conjecture of Kazhdan-Lusztig polynomials, in the parabolic setting, for
lower intervals in every arbitrary Coxeter group. This result improves and generalizes,
among other results, the main results of [Advances in Math. 202 (2006), 555-601],
[Trans. Amer. Math. Soc. 368 (2016), no. 7, 5247-5269].

1. INTRODUCTION

Kazhdan-Lusztig polynomials play a central role in Lie theory and representation
theory. They are polynomials P, ,(g), in one variable g, which are associated to pairs
of elements u,v in a Coxeter group W. They were defined by Kazhdan and Lusztig
in [19] in order to introduce the (now called) Kazhdan—Lusztig representations of the
Hecke algebra of W, and soon have found applications in many other contexts.

Among others, the combinatorial aspects of Kazhdan—Lusztig polynomials have re-
ceived much attention from the start, and are still a fascinating field of research. Re-
cently, Elias and Williamson [15] proved the long-standing conjecture about the nonneg-
ativity of the coefficients of Kazhdan—Lusztig polynomials of all Coxeter groups, thus
generalizing the analogous result by Kazhdan and Lusztig on finite and affine Weyl
groups appearing in [20], where P, ,(q) is shown to be the Poincaré polynomial of the
local intersection cohomology groups of the Schubert variety associated with v at any
point of the Schubert variety associated with u (in the full flag variety).

At present, from a combinatorial point of view, the most intriguing conjecture about
Kazhdan—Lusztig polynomials is arguably what is usually referred to as the Combi-
natorial Invariance Conjecture of Kazhdan—Lusztig polynomials. It was independently
formulated by Lusztig in private and by Dyer in [13].

Conjecture 1.1. The Kazhdan-Lusztig polynomial P, ,(q) depends only on the iso-
morphism class of the interval [u,v] as a poset.

The Combinatorial Invariance Conjecture of Kazhdan—Lusztig polynomials is equiv-
alent to the analogous conjecture on the combinatorial invariance of Kazhdan—Lusztig
R-polynomials. These also are polynomials R, ,(q) indexed by a pair of elements u, v
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in W and were introduced by Kazhdan-Lusztig in the same article [19]. The Kazhdan—
Lusztig R-polynomials are equivalent to the Kazhdan—Lusztig polynomials of W (in a
precise sense, see Remark 2.12).

In [11], for any choice of a subset H C S, Deodhar introduces two modules of the
Hecke algebra of W, two parabolic analogues { P,%¥(q) }, wewn of the Kazhdan-Lusztig
polynomials, and two parabolic analogues {Ri;ﬁ(Q)}u’wewH of the Kazhdan-Lusztig
R-polynomials, one for x = ¢ and one for x = —1. The parabolic Kazhdan—Lusztig
and R-polynomials have deep algebraic and geometric significance; they are indexed
by pairs of elements in the set W*# of minimal coset representatives with respect to
the standard parabolic subgroup Wy, and play, in the parabolic setting, a role that
is parallel to the role that the ordinary Kazhdan-Lusztig and R-polynomials play in
the ordinary setting. Moreover, they generalize the ordinary Kazhdan-Lusztig and R-
polynomials since these are obtained in the special trivial case when H = () (for both
x = q and —1). As in the ordinary case, the family of parabolic Kazhdan—Lusztig
polynomials is equivalent to the family of parabolic Kazhdan—Lusztig R-polynomials.

The problem of the combinatorial invariance of parabolic Kazhdan—Lusztig polyno-
mials, which is stronger than the combinatorial invariance of the ordinary Kazhdan—
Lusztig polynomials, has also attracted much attention (see, for instance, [2] and [4]).
Only recently, however, the statement one gets by replacing the ordinary interval with
the parabolic interval in Conjecture 1.1 has been found to be false (see [7] and [21] for
counterexamples). In [21], it is proposed that the right approach to the generalization
of Conjecture 1.1 to the parabolic setting could be studying to what extent the following
conjecture is true.

Conjecture 1.2. Let (Wy,51) and (W, S3) be two Coxeter systems, Hy C S; and
Hy C S5, Let uj,v; € VVlH1 and us, vy € VVQH2 be such that there exists a poset-
isomorphism from [uy,v1] to [us, vo] that restricts to a poset-isomorphism from [uy, vy]™
to [ug, vo)2. Then PH2(q) = PH22(q) (equivalently, R7:7 (q) = RI22 (q)).

u1,v1 u2,v2 u1,v1 Uu2,v2

Clearly, Conjecture 1.2 reduces to Conjecture 1.1 for H; = Hy = ().

Conjecture 1.1 and Conjecture 1.2, if true, would have interesting implications in
the many contexts where ordinary and parabolic Kazhdan—Lusztig polynomials have
applications. Among them, one of the most fascinating and (according to many experts
in the field) surprising consequences would be in the topology of Schubert varieties of full
and partial flag varieties. For the full flag variety, we refer the reader to the discussion
in [3, §3]. For its generalization to the partial flag variety, the reader should have
in mind the results by Kashiwara and Tanisaki [18] showing the role of the parabolic
Kazhdan-Lusztig polynomials for the Schubert varieties of the partial flag variety.

In [21], Conjecture 1.2 is proved to hold true for lower intervals (that is, when u,
and uy are the identity elements), in the case of doubly laced Coxeter groups (and in
the case of dihedral Coxeter groups, which is much easier). The aim of this work is to
prove the following more general result.

Theorem 1.3. Conjecture 1.2 holds true for all lower intervals in every arbitrary Coz-
eter group.
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(Another new piece of evidence in favor of Conjecture 1.2 was recently given by Brenti
in [5]).
Indeed, we prove the following slightly more general result.

Theorem 1.4. Let (Wy,S1) and (W, Ss) be two arbitrary Coxeter systems, with iden-
tity elements e; and es, and let H; C S7 and Hy C S, Let vy € I/VlH1 and vy € T/VQH2 be
such that there exists a poset-isomorphism b from [e1,v1] to [ea, vo] that restricts to a
poset-isomorphism from [ey, v1]H to [eq, vo]H2. Then, for all u,w € [ey,v1]™, we have

H s T o H , T
Pffu’ (¢) = Pw(i) w(w)(Q) and quﬂ, (q) = Rw(Qu),zb(w)(Q)'

As a corollary, the parabolic Kazhdan—Lusztig polynomial Pfj(q) and R-polynomial
Rffj(q) are determined by the isomorphism class of the interval [e, w]| and by how the
parabolic interval [e, w]" = [e, w] N W embeds in [e, w].

Theorem 1.4 is proved by providing an explicit method to compute the parabolic
Kazhdan—Lusztig R-polynomials Rfuf(q) (and so also the parabolic Kazhdan—Lusztig
Pe(q)). This method is based on the concept of an H-special matching introduced in
[21]: an H-special matching of w is an involution M : [e, w]| — [e, w] such that

(1) either u < M(u) or u > M(u), for all u € [e, w],
(2) if uy <Qug then M(uy) < M(us), for all uy, uy € [e,w] such that M (uy) # uo,
(3) ifu <w, ue WH and M(u) <tu, then M(u) € WH.
(We denote by < the Bruhat order and write z <y to mean that z is an immediate
predecessor of y).

The set of all H-special matchings of w depends only on the isomorphism class of
the interval [e,w] and on how the parabolic interval [e, w]# embeds in [e, w]. We prove
that H-special matchings may be used in place of left multiplications in the recurrence
formula that computes the parabolic Kazhdan—Lusztig R-polynomials.

Theorem 1.5. If M is an H-special matching of w, then the parabolic Kazhdan—Lusztig
R-polynomial R, .,(q) satisfies:

(1.1)

Ry if M(u) <u
quf(Q) = (q uH)fW(qv;} )+ qR M () M w)(q), if M(u)>u and M(u) € WH,
(q—l )R, v () if M(u)>u and M(u) ¢ WH.

Theorem 1.5 directly implies Theorem 1.4. Indeed, suppose the hypotheses of The-
orem 1.4 are fulfilled: thus M is an H;-special matching of w if and only if M’ =
o Moyt is an H,-special matching of ¢(w). We choose such a matching M and
apply (1.1) to both M and M’: in both computations, we fall in the same case. By
iteration, we get the assertion of Theorem 1.4.

Theorems 1.3, 1.4 and 1.5 improve and generalize several results in the literature
such as, for instance, the main results of [6], [12], [21], [23].

Since a special matching M is uniquely determined by its action on the dihedral
intervals containing the Coxeter generator M (e), special matchings of doubly laced
Coxeter groups are more easily controlled than special matchings of arbitrary Coxeter
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groups. Therefore, a deeper analysis on parabolic Kazhdan—Lusztig R-polynomials
is needed to prove the result for arbitrary Coxeter groups. Indeed, we use several
new identities among which, in particular, certain relations relating different parabolic
Kazhdan-Lusztig R-polynomials indexed by elements in the same coset of dihedral
standard parabolic subgroups.

The rest of the paper is devoted to the proof of Theorem 1.5.

2. NOTATION, DEFINITIONS AND PRELIMINARIES

This section reviews the background material that is needed in the rest of this work.
We follow [1] and [22, Chapter 3] for undefined notation and terminology concerning,
respectively, Coxeter groups and partially ordered sets.

2.1. Coxeter groups. We fix our notation on a Coxeter system (W, .S) in the following
list:

M 4 the entry of the Coxeter matrix of (W, S) in position (s,t) € S x S,

e identity of W,

1 the length function of (W, 5),

T ={wsw™:w e W, s € S}, the set of reflections of W,

Dgr(w) ={se€S: lws) < l(w)}, the right descent set of w € W,

Dy (w) ={se€ S l(sw) < l(w)}, the left descent set of w € W,

Wy the parabolic subgroup of W generated by J C S,

w ={weW : Dg(w) C S\ J}, the set of minimal left coset representatives,
TW ={weW : Dp(w) C S\ J}, the set of minimal right coset representatives,
< Bruhat order on W (as well as usual order on R),

[u, V] ={weW : u<w<w}, the (Bruhat) interval generated by u,v € W,
wo(J) the unique maximal element of [e,w] N W, for J C S,

wo(s,t) = wo({s,t}), for s,t € S,

[u, v] = {z € WH: u <z <w}, the parabolic interval generated by u,v € WH.

Given u,v € W, we write u - v instead of simply uv when ¢(uv) = ¢(u) + ¢(v) and
we want to stress this additivity. On the other hand, when we write v, {(uv) can be
either ¢(u) + ¢(v) or smaller. We make use of the symbol “-” to separate letters in a
word in the alphabet S when we want to stress the fact that we are considering the
word rather than the element such word represents.

If w € W, then a reduced expression for w is a word s;-S9-----s, such that w =
$182 -+ S, and £(w) = q. When no confusion arises, we also write that sysy---s, is a
reduced expression for w.

The Bruhat graph of W (see [14], or, e.g., [1, §2.1] or [17, §8.6]) is the directed graph
having W as vertex set and having a directed edge from u to v if and only if u='v € T
and ((u) < £(v). The Bruhat order (see, e.g., [1, §2.1] or [17, §5.9]), sometimes also
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called Bruhat-Chevalley order, is the partial order < on W given by the transitive
closure of the Bruhat graph of W

The following well-known characterization of Bruhat order is usually referred to as
the Subword Property (see [1, §2.2] or [17, §5.10]), and is used repeatedly in the following
sections, often without explicit mention. By a subword of a word s1-s9- - - - - 54, We mean
a word of the form s;,-5;,-----s;,, where 1 <73 < .-+ <14 <gq.

Theorem 2.1 (Subword Property). Let u,w € W. The following are equivalent:

e u < w in the Bruhat order,

e cvery reduced expression for w has a subword that is a reduced expression for u,

e there exists a reduced expression for w having a subword that is a reduced ex-
pression for u.

The following results are well known (see, e.g., [10, Theorem 1.1], [1, Proposi-
tion 2.2.7] or [17, Proposition 5.9] for the first one, [1, §2.4] or [17, §1.10] for the
second one, and [16, Lemma 7] for the third one).

Lemma 2.2 (Lifting Property). Let s € S and u,w € W, u < w.

- If s € Dgr(w) and s € Dg(u), then us < ws.
- If s ¢ Dr(w) and s ¢ Dg(u), then us < ws.
- If s € Dr(w) and s ¢ Dg(u), then us < w and u < ws.

Symmetrically, left versions of the three statements hold.

Proposition 2.3. Let J C S.

(i) Every w € W has a unique factorization w = w’ - wy; with w/ € W’ and
wy € Wy; for this factorization, {(w) = (w”) + (wy).

(ii) Fvery w € W has a unique factorization w = jw - *w with yjw € Wy, "w € 'W;
for this factorization, {(w) = ((;w) + £(*w).

Proposition 2.4. Let J C S and w € W. The set W; N [e,w]| has a unique mazimal
element wy(J), so that W; N [e,w] is the interval [e, wy(J])].

Note that, by the uniqueness of the factorizations of Proposition 2.3, if J C S and
w € W, then

(21) l e DL<J’LU) — (€ DL(w) n.J.

Furthermore, it is well known (and immediate to prove) that v < w implies both
v/ < w’ and v < Yw.

2.2. Special matchings. Let P be a partially ordered set. An element y € P covers
x € P if the interval [z, y] coincides with {z,y}; in this case, we write x <y as well as
y>z. The poset P is graded if P has a minimum and there is a function p : P — N (the
rank function of P) such that p(0) = 0 and p(y) = p(z) + 1 for all z,y € P with z < y.
(This definition is slightly different from the one given in [22], but is more convenient
for our purposes.) The Hasse diagram of P is the graph having P as vertex set and
{{z,y} € (§) : either z <y or y <z} as edge set.



6 MARIO MARIETTI

A matching of a poset P is an involution M : P — P such that {v, M (v)} is an edge
in the Hasse diagram of P, for all v € V. A matching M of P is special if

u<tv = M(u) < M(v),
for all u,v € P such that M(u) # v.

Now, let (W, S) be a Coxeter system and recall that W is a graded partially ordered
set (under Bruhat order) having ¢ as its rank function. Given w € W, we say that M is
a matching of w if M is a matching of the lower Bruhat interval [e, w]|. For s € Dg(w),
we have a matching p, of w defined by p,(u) = us, for all u € [e,w]. Symmetrically, for
s € Dr(w), we have a matching A\ of w defined by A\;(u) = su, for all u € [e,w]. By
the Lifting Property (Lemma 2.2), such ps and A4 are special matchings of w. We call
these matchings, respectively, right and left multiplication matchings.

The following two results are used several times in what follows: the first directly
follows from [6, Lemma 4.3], the second is [6, Proposition 5.3]. We call an interval [u, v]
in a poset P dihedral if it is isomorphic to an interval in a Coxeter system of rank 2
ordered by Bruhat order. Moreover, given two matchings M and N, we say that M
and N commute on X if the two compositions M o N(x) and N o M(x) are defined
and equal, for all z € X. We say that two matchings of w commute if they commute
everywhere on [e, w].

Lemma 2.5. Let w € W. Two special matchings M and N of w commute if and only
if they commute on the lower dihedral intervals of e, w] containing M(e) and N (e).

Lemma 2.6. Let J C S, w € W, and M be a special matching of w. If M(e) € J,
then M stabilizes [e, wo(J)].

In particular, given two special matchings M and N of w such that M (e) # N(e), we
have that M and N commute if and only if they commute on the unique lower dihedral
interval [e,wo(M (e), N(e))], and this lower dihedral interval is stabilized by both M
and N.

The following definitions are taken from [21].

Definition 2.7. A right system for w € W is a quadruple R = (J, s,t, My) such that:

Rl.JC S, se J, teS\J, and Mg is a special matching of wo(s,t) such that
Mg(e) = s and Mgy(t) =ts;

R2. (ul){sth . Mst<(u‘7){syt} : {s}(UJ)> Ast(uy) < w, for all u < w;

R3. ifr € J and r < w’, then r and s commute;

R4. (a) if s < (w)) and t < (w’)5%, then My, = ps,
(b) if s < (w5 and t £ (w’)1>%, then My commutes with X,
(c) if s £ (w1 and t < ()8, then My commutes with \;

R5. if s < U} (wy), then My, commutes with p, on [e,wo(s,t)].

Definition 2.8. A left system for w € W is a quadruple £ = (J, s,t, My) such that:

L. JC S, se J, teS\J, and Mg is a special matching of wo(s,t) such that
Mg (e) = s and Mgy(t) = st;
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L2. (yu)t - ((JU){S} {s,t}("u)) A8 () < w, for allu < w;
L3. ifr € J and r < Jw, then v and s commute;
L4. (a) if s < B8 (w) and t < B (w), then My = A,

(b) if s < B (w) and t £ % (Tw), then My commutes with p,,
(c) if s £ BB (w) and t < B (Tw), then My commutes with py;

L5. if s < (yw)s, then M, commutes with A, on [e,wo(s,t)].

(As shown in [8, Lemma 4.3], Properties R5 and L5 are equivalent to the, a priori,
more restrictive Properties R5 and L5 appearing in [21].)

Given a right system R = (J, s, t, M) for w, the matching associated with it is the
map Mz sending u € [e, w] to

Mg (u) = (u”)tH . Mst((uj){s,t} : {s}(UJ)> - (uy).

Symmetrically, the matching associated with a left system £ for w is the map M
sending u € [e, w] to

M) = () - My () - o Cu)) - B (),

e, cM(u)= (Mg(ufl))_l, where M is the map on [e, w™!] associated to £ as a right
system for w1,

The fact that Mz and ;M are actually matchings of w and the fact that the lengths
add in these products are shown in [8] (respectively, in Corollary 4.10 and Proposi-
tion 4.9).

Note that Mg acts as As on [e, wy(s,r)] for all r € J, and as p; on [e, wy(s,r)] for all
r €S\ (JU{t}); symmetrically, M acts as p, on e, wo(s r)] for all » € J, and as A
on [e,wp(s,r)] for all r € S\ (JU{t}).

We comment that, if s € Dr(w), t € S\ {s}, J = {s} and My = ps, then we obtain a
right system whose associated matching is the right multiplication matching p, (M = ps
on the entire interval [e, w]). Symmetrically, we obtain left multiplication matchings as
special cases of matchings associated with left systems. On the other hand, we may
obtain matchings that are not multiplication matchings. For example, let W be the
Coxeter group of type A3z with Coxeter generators s, ss and s3 numbered as usual
(l.e. Mgy 5 = Mgy sy = 3 and my, 5, = 2), and let w = 51595351 € W. The quadruple
R = ({s2,s3}, 2,51, M), with M(e) = so, M(s1) = $182, and M(s951) = $18257, IS a
right system for w whose associated matching is not a multiplication matching (the
reader may check that the resulting matching is the dashed special matchings in the
first picture of Figure 2).

The main result of [8] is that the matchings arising from systems of w are exactly

the special matchings of w. We only need one side of this characterization (see [8,
Theorem 4.12]).

Theorem 2.9. Every special matching of w € W s associated with a right or a left
system of w.

We refer the reader to [9] for a more compact characterization in terms of only one
self-dual type of systems.
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2.3. Kazhdan—Lusztig polynomials. Given a Coxeter system (W,S) and H C S,
the Bruhat order induces an ordering on the set of minimal coset representatives W*#
and the parabolic intervals [u, v]¥, for all u,v € W,

We introduce the parabolic Kazhdan—Lusztig R-polynomials and the parabolic Kazhdan—
Lusztig polynomials through the following theorems-definitions, which are due to De-
odhar (see [11, §§2-3] for their proofs).

Theorem 2.10. Let (W, S) be a Coxeter system, and H C S. For each x € {—1,q},
there is a unique family of polynomials { RZ:*(q)}ywewn C Zlq| such that, for all u,v €
WH.' 7

(1) R (q) =0 if u £ v;

(2) R (q) = 1;

(3) if u < v and s € Dy (v), then

jofsv(q)) ZfS € DL(’LL),
R(q) = (¢—DRIEZ(q) +qR%%,(q), if s ¢ Dp(u) and su € WH,
(¢ —1—2)R[(a), if s ¢ Dy(u) and su ¢ WH,

In what follows, we often use the inductive formula of Theorem 2.10 without explicit
mention.

Theorem 2.11. Let (W, S) be a Coxeter system, and H C S. For each x € {—1,q},
there is a unique family of polynomials {P"(q)}uwews S Zlq], such that, for all
u,v € WH:

(1) Pl (q) =0 if u £ v;

(2) Pi(a) = 1;

(3) deg(P(q)) < 5 (£(v) = L(u) = 1), if u <v;

(4)

1) g ple (1) =5, B2 (g) PHE(q).

The polynomials RZ *(q) and Pff(q) are the parabolic Kazhdan—Lusztig R-polynomials
and parabolic Kazhdan—Lusztig polynomials of W of type x.

Remark 2.12. For a fixed H C S, the parabolic Kazhdan—Lusztig R-polynomials and
the parabolic Kazhdan—Lusztig polynomaials are equivalent. More precisely, given w €
WH it is possible to compute the family {Pfﬁx@])}u’ve[e’w]H once one knows the family
{Rﬁf(q)}u,ve[e,w]m and vice versa.

For H = 0, R%.'(¢) = R%(q) and P2, '(q) = P%%(q) are the ordinary Kazhdan—
Lusztig R-polynomials R, ,(¢) and Kazhdan-Lusztig polynomials P, ,(q) of W.
The following result gives another relationship between the parabolic Kazhdan—

Lusztig polynomials and their ordinary counterparts (see [11, Proposition 3.4, and
Remark 3.8]).

Proposition 2.13. Let (W, S) be a Coxeter system, H C S, and u,v € WH. We have

Pl(g) = Y (1) Pu.(q).

weWgy
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Furthermore, if Wy is finite, then
PLH9) = Poygr it (4),

where wi is the longest element of Wy

3. PRELIMINARY RESULTS

In this section, we give some preliminary results that are needed to prove the main
result of this work.
For convenience, we state the following straightforward result here for later reference.

Lemma 3.1. The sequence {R;};>1 C Zl|q|, defined as
(4= D X (-1¢*). i is odd,
(g —1)? ( Zi?jo q%) : if i is even,
18 the unique sequence satisfying
Ri=(q—1)Ri1 +qRi» Ri=(q—1) Ry=(q—1)
Proof. Omitted. O

We observe the following fact. Let W be a dihedral Coxeter groups, and u,w € W.
If {(w) — l(u) = i, with ¢ > 1, then the ordinary Kazhdan-Lusztig R-polynomial
R,,(q) is the polynomial R; defined in Lemma 3.1. In particular, as it is well-known,
Conjecture 1.1 holds true for dihedral Coxeter groups since two intervals [u,w]| and
[/,w'] in two dihedral Coxeter groups are isomorphic as posets if and only if ¢(w) —

l(u) =L(w'") — L(u).

We fix an arbitrary Coxeter system (W,S), a subset H C S, and s,t € S. For
notational convenience, from now on we let 5 = t and ¢ = s. Recall that, for every
x € W, the coset Wi,y = = {9ss@ : gst € W{s,t}} is isomorphic, as a poset, to the
dihedral Coxeter group Wiy, .

Proposition 3.2. Consider an arbitrary coset Wy - x, where (we suppose without
lack of generality) x € 1YW . The intersection (Wisay-x) NWH s one of the following
set:

)

(1) 0
(2) {z},

(3) {gst "It gst € W{s,t}7 t ¢ DR(gst)}7
(4) {gst T gst € W{S,t}7 S ¢ DR<gst)}7
(5) W{s,t} - X.

Proof. First of all, recall that if an element w belongs to W¥# then rw belongs to W#
for all r € Dr(w). Also recall that an element not in W# have at most one coatom
in WH (see 21, Lemma 4.1]); in particular, in the case Wi,y is finite, the intersection

(Wisy - ) N WH cannot be (Wysyy - ) \ {wp - 2}, where wy is the longest element of
W{S,t}'
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We prove the statement by contradiction and, by what we have just recalled, we
suppose that there exist g € Wy, \ {e} and p € {s,t} \ Dr(g) such that
e g-xc Wi,
ep-g-x¢WH
® p - g is not the longest element of Wy, (if any, i.e. in the case Wy, 4 is finite).
Since p-g-x ¢ W there exists h € HN Dg(p-g-x). Since g-x € W, we have
h ¢ Dg(g - x); by the Lifting Property (Lemma 2.2), p-g-2z = g-x - h. Hence, both
s and t belong to Dy (p- g - z) and thus to Dy(p - g); by a well-known fact, this means
that p - g is the longest element of Wy, . O

The following three results give formulas expressing some parabolic Kazhdan—Lusztig
R-polynomials as linear combinations of other parabolic Kazhdan—Lusztig R-polynomials.
(The choice of the indices could seem unnatural at this point: the reason for this choice
is that, in Section 4, we apply these results in a situation where we have two missing
parts wy and uq, i.e. two parts wy and u; that are both equal to e).

Lemma 3.3. Let w = wsy - ws € WH and u = uy - us € WH with:
o u < w,
o wy,uy € Wiy,
o ws, uz € BHW.

If Wisay - us) N WH = {uz}, then u = ugz and

R (g) = (g — 1 —2)" ™) RE2 (q).

u3, w3

Proof. If wy = e, the assertions are trivial. Suppose ws # e and fix r € {s,t} N
Dp(ws). By the recursive formula of Theorem 2.10 (with r as left descent of w), we
have R (q) = (¢ — 1 — x)R[% (q). We get the assertion by iteration. O

Recall that, for r € {s,t}, we denote by 7 the element in {s,¢} \ {r}.

Lemma 3.4. Let w = wy - w3 € WH and u = uy - us € WH with:

o u<w,

o wy,uy € Wispy,

o ws, uz € BHW,
and suppose Wis 1y-uz C WH. Then there exists a set of polynomials {Pg.. (@) }guew., C
Z[q| such that

R () = D pu @RI, b (@)
9st€EW(s 4y

Ryw(q) = Z Pget (@) Ry, us ws (0)
9st€Wis 1y

(in other words, both the parabolic and the ordinary Kazhdan—Lusztig R-polynomials
indexed by u and w can be expressed as a linear combination of, respectively, the para-
bolic and the ordinary Kazhdan-Lusztig R-polynomials indezed by gs - us and ws, with
Gst € Wissy, and the two expressions have the same coefficients).
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If, moreover, |{x € {s,t} : x < ws}| <1, then l(wy) — L(ug) > —1 and the following
statements hold.

D_y. If t(wy) — l(ug) = —1, then
Ry (@) = Ry, (a)-
Dy. If l(ws) — £(uz) = 0, then

RH,w(q) _ R’i{;’i‘l}g (Q) Zf U2 = W2
o (q—1VRELx  (q) if uy # w,.
Dy. If l(wq) — £(uz) = 1, then

Rl (q) = (4= 1)R513,§”3(q) T ngZin(q), if wy =uy-p
o (¢ — DRSS, (@), otherwise.

us, w3
D;. If l(wq) — l(ug) =i > 2, then
R%(q) = Ri- R (q) + qRiy - R (q)

u3, w3 puz, w3
where the family of polynomials {R;};>1 is as in Lemma 3.1.

In the previous statements, if |[{z € {s,t} : x < ws}| <1 then {p} ={r € {s,t} :2 <
ws}, if [{x € {s,t} : x < ws}| =0 then RZL=  (q) = 0.

pusz,ws

Proof. Let us prove the first statement. If wy = e, it is trivial. Suppose ws # e and fix
r € {s,t} N Dp(wy). We apply the recursive formula of Theorem 2.10 (with r as a left
descent of w) to compute both R[;%(q) and R, .,(¢). Since W,y -ug C W, we cannot
fall into the case when the factor (¢ — 1 — x) occurs, and the two computations agree.
We get the assertion by iterating this argument.

Let us prove the second part of the lemma and so suppose {p} 2 {x € {s,t} : 2 <
wg}.

In this proof, we use the Subword Property (Theorem 2.1), Property (2.1), and the
recursive formula of Theorem 2.10 several times without explicit mention; when we
apply the recursive formula of Theorem 2.10, we never fall into the case the factor
(¢ =1 —x) occurs, since Wig 4y - us C wH,

Since {z € {s,t} : * < ws}| < 1, the longest subword of type s-t-s-t---- or
t-s-t-s-- -+ of any reduced expression for w has length at most ¢(wy) 4+ 1, and hence

Proof of D_;.  Since ¢(wy) — €(ug) = —1, necessarily us = ws - p, as otherwise u
could not be smaller than or equal to w. We have
H,x _ H,x - Hax
Ru,w (q) - ngpug,wgwg (Q) - RpU3,w3 (q)
Proof of Dy. If us = wy, the assertion is immediate. If uy # wy, there exists an

element v € Wy, 4y, with £(v) = €(wz) —1 = £(uz) — 1, such that uy = v-p and wy = [-v,
where [ € {s,t} \ Dr(v). We have

T H,x T H,x . T H,x
RI2(q) = Ry 1o (@) = (q=D) R (@) R s (@) = (=) RIET (@) +q Ry v, (4)-
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We cannot have [-v-p-ug < v-ws, since all subwords of any reduced expression of v - w3
of type s-t-s-t- - -+ or t-s-t-s-- - - have length at most ¢(v)+ 1, while ¢(l-v-p) = ¢(v) + 2.
Hence R/™* (q) = 0, as desired.

lvpus,vws

Proof of D;.  Since ¢(wq) — (uz) = 1, we have either

(1) wy = ug -7, where r € {s,t} \ Dgr(us), or
(2) wg =1-ug, where l € {s,t}\ Dr(uz), uy # e, and [ - uy is not the longest element
of Wys sy (if any).

In the first case, we have

RI(q) = R s (@) = RIES.(0) = (¢ — DRIE:, (¢) + ¢RI L. (0).

If r = p, we get the assertion. If r # p, then r £ ws; thus rus £ ws, and we get the
assertion as well.
In the second case, we have

H, , H, o ,
RI2(q) = Ryjusiuges(@ = (a— DRET (@) + R wnws (@) = (¢ — DRI, (q)
since [ - ug - ug £ ug - w3.

Proof of D;.  Suppose (ws) — ¢(us) = 2; we have either
® wy =uy-r-7, where r € {s,t} \ Dgr(us), or
o wy=1-uy-r, wherel € {s,t}\ Dp(ug), r € {s,t} \ Dr(uz), us # e, and [ -ug - r
is not the longest element of Wy, (if any).

In the first case, we have

RI2(q) = R e (@) = R0 (@) = (g — DRIV, (@) + qRI 2y (0)
= (¢— D= DRI (@) + qRES oy (@] + al(a — DRET (@) + qREE, 0 ()]
= (q—1)’RI" (q) +q(q — )[Rz, () + REZ . (9)].

since 7ruz £ ws. Thus the assertion follows since {7ug, rus}N{z : * < ws} = {pus}n{z :

x < ws}.
In the second case, we have

RI't(q) = RI? (9) = (¢ — DRI (q) +qR" (q)

ugus,lusrws UUS ,U2T W3 lugus, u2rws

H’x H,.T
= (q - 1)Ru3,rw3 (q) + quugug,ugrwg (Q)
T T H,x
= (q - 1)[((] - 1)R1[;2,w3 (Q) + qR7I{L37’u)3 (q)] + quuQU3,u2rw3 (Q)

If r = p, then lusus € usrws: thus RI* (¢) = 0 and we get the assertion. If

lugusz,u2rws

r # p, then ruz £ ws and thus RE*  (q) = 0; on the other hand, lusus < usrws and

TUZ, W3
Rfi’fuwﬂwg) (q) = (¢ — 1)Rg;§7w3(q) by Statement D).
Suppose £(ws) — l(uz) = 3; we have either
® wy=uy-r-7-r,, where r € {s,t} \ Dg(uz), or
o wy =1-ug-r-7, where [ € {s,t}\ Dr(uz), v € {s,t} \ Dgr(uz), us # e, and
l-uy -7 -7 is not the longest element of Wy, (if any).
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In the first case, we have
Rf,i(q) = ngﬁg,ugr?rw:z, (Q) = Ri’ﬁf’rw:& (Q) = (q - 1)R52§7‘w3 (Q) + quﬂifrwg, (Q)
= (q—1)[(g—1)°RE", (@) + qlg — VRET  (@)] + a(g — DRI, (q)
= Rs- R (q)+qRy- RIT, (q),

u3, w3 pus,ws
by the assertion (already proved) for when the difference of the length is equal to 2,
and by Statement D;.
In the second case, we have

Rzi{;f(q) = Riﬁg,lugm"wg (q) = (q - 1)Rqu7$3,U27"Fw3 (q) + quHu;x’lL3,’M2TF’lU3 (q)
= (¢—1)[(g—1)°RE" (@) + qlg — VRET , (@)] + a(¢ — DRI, (q)
= Rs-RI" (q)+qRs- RIE" . (q)

U3, w3 puz, w3
by the assertion (already proved) for when the difference of the length is equal to 2,
and by Statement D;.

Suppose £(ws) — l(ug) = 4, with ¢ > 4, and use induction on ¢(ws). The base of the
induction is ugs = e and wy € {pppp, pppp}: the assertion follows by a direct computation
that we omit.

Let {(w2) > 4 and h € Dp(ws). If h € Dp(ug), then R (q) = RIL? (q) =

U2U3,Ww2w3

Rz (¢) and we may conclude by the induction hypothesis since ¢(hws) < £(ws),

husus,hwaws

and ((ws) — (ug) = €(hwy) — €(huy). If h & Dp(us), then

Riﬁ(Q) - ngig,wzwg (q) = (q - 1)Ri{2’$3,hw2w3 (Q) + quIL{l;tug,hwgwg, (Q)
= (¢—D[Ri—1- R%, (0) + qRia - RILZ ()] + q[Ria - BRIV, () + qRizs - RILE L (q)]

(¢ —1D)Ri—1 + qRi—2] - R’lifug((]) +q[(¢g—1)Ri—a + qR;_3 - Rﬁ;f,wg(Q)]
= R;-RIM (q)+qRi—1-RE*.(q)

u3,ws3 pu3, w3

where the last equation follows by Lemma 3.1. [

Remark 3.5. Lemma 3.3 and the first part of Lemma 3.4 hold more generally (with
the same straightforward proof) if we replace {s,t} with an arbitrary subset J C S.

In the proof of the following result, as well as in the proof of the main result of this
work, it is essential x € {q, —1}; indeed, we repeatedly use that z satisfies

(3.1) (@=D(g—1-2)+q=(¢—1—2)
Lemma 3.6. Let w = wy - w3 € W and u = uy - us € WH with:
o u < w,
o wy,uy € Wiepy,
® W3, U3z € {s’t}W,
o [{ze{st}:x<ws} <1

Suppose that (Wisy - us) N WH is a chain (see Proposition 3.2) and let r,7 € {s,t} be
such that r-us € W and 7 - uz ¢ WH.
Then ((wy) — L(ug) > —1 and the following statements hold.
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D_y. If l(wy) — €(uy) = —1, then
Ru(@) = Ry, (@)-
Do. If l(ws) — £(uz) = 0, then
H,x ; —

RﬁLI(Q) _ Ru;; wg( )H Zf Uz = Wa

(q - 1)Rru§:w3<Q) Zf U2 7é Wa
Dy. If l(wq) — L(uz) = 1, then

(¢ —1-2)R%,(0) if 7 € Dp(ws)
Rl5(@) =1 (¢— DRI (q) if T & Dr(ws) and up # €

(0 = DR (@) + RS0, (@), if T & Dr(ws) and uy = e
Dy. If l(ws) — l(ug) = 2, then

RA(g) = (¢—1—2)[(¢— DR, (¢) + qREF . (q)], if 7 € Dr(ws)
“ (¢—D(g—1—2)RE" (¢) + qRE",.(0)], if r & Dr(ws)
D;. If l(wq) — l(ug) > 3, then

Riu(a) = (¢ = 1)(g =1 = 2)" 7 0272[(q — 1 — ) RS, (@) + aR7 ., (0)]

Proof. In this proof, we use the Subword Property (Theorem 2.1), Property (2.1), and
the recursive formula of Theorem 2.10 several times without explicit mention.

Note that we have Dg(uy) = {r} unless uy = e; in particular, uy cannot be the top
element of Wi,y (if any). If uy # e, we let [ € {s,t} be such that {I} = Dp(us), so
that uy has a (unique) reduced expression starting with [ and ending with r.

Since {z € {s,t} : * < ws}| < 1, the longest subword of type s-t-s-t---- or
t-s-t-s-- -+ of any reduced expression for w has length at most ¢(wy) 4+ 1, and hence

Proof of D_;.  Since ¢(wy) — l(ug) = —1, necessarily us = wy - r, as otherwise u
could not be smaller than or equal to w. We have
H H H,
Ru,:lf( ) ngfug w2w3( ) R’ru:wg( )
Proof of Dy. If us = wy, the assertion is immediate. If uy # wy, there exists an

element v € Wi, sy, with £(v) = £(wy) — 1 = £(us) — 1, such that uy = v-r and wy = [ -v.
We have

Ri(@) = R (@) = (a=DRTE sy (@0+aRy (@) = (DR L (+aRyz L (0).

We cannot have [-v-7-ug < v-ws, since all subwords of any reduced expression of v - w3
of type s-t-s-t-- -+ or t-s-t-s- - - - have length at most ¢(v)+ 1 while £(l-v-r) = £(v) +2
Hence R™* (q) = 0, as desired.

lvrus,vws
Proof of D;.  Since ¢(ws) — ¢(uz) = 1, we have either
(1) we = uy - 7, or
(2) wo =1-uy # uy -7 and uy # e, or
(3) we =r and up = e.
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In the first case, we have
xT H X H,df xT
RH ( ) Rugug U Tws (Q) - Rug,fﬂ)g (q) = (q - 1 - J:)R’lilg w3( )

In the second case, we have
RI'(q) = R™* L (@) =(q—DREL 10, (@) +aRE"  (g)=(g— DRI, (q)
since [ - us - u3 £ Uy - ws. In the third case, the assertion is immediate.
Proof of Dy.  Since ¢(ws) — ¢(uz) = 2, we have either
® Wy =1Uy-T -7, oOr
© wy=1-us- r#ug 7-r (where we set [ = 7 if uy = e).
In the first case, we have
Ri(@) = Rigisuerres(@) = Riffrey (@) = (0= 1= 2) RIS, (9)
= (¢ 1-2)[(q = DR, (@) + aR7S ().
In the second case, we have
RIH@) = R (@ = (= DG (@) + 4R (0)
= (0= D@~ 1= 2)Ry%, () +alg — DR 4, (0),
where the last equality follows from Statements D; and Dy.
Proof of D;.  If ¢(wy) — ¢(ug) = 3, we have either

® Wy =1Uy-T-T-T,Or
© wy=1-uy-T- T%Ug 7.7 -7 (where we set [ = r if uy = e).

In the first case, we have
T H,x H,x H,x
RuH,’w (Q) - Ruzug,ugfrfwg (Q) = Rug,frfwg (Q) - (q - 1 - )Rug rTWw3 (Q)
= (¢—1—-=2)(¢—V[(g—1—2)RE% (¢) + ¢RI, (9)],
by Statement Ds. In the second case, we have
RZ;;C<Q) - Rf;zs,l_uzfpw?, (q) - (q o 1)R£I2$3 u2Frws (q) + quZz{]’:us U TrwW3 (q>
= (¢—1)(g—1-2)[(¢g = VR, (0) + qR7Z . (@] + alg = DR, (q)
= (¢—=Dllg— (g —1—2)+qR5% () +qlg—)(g—1—2)RT, (q)
= (¢—D(g—1—2)’RI%, (q) +q(qg—1)(g— 1 —2)RIE", (q)

by Statements Dy and Dy, and by Eq. (3.1).
If {(ws) — l(uz) = 4, we have either

® Wy =1Uy-T-T-F-7,0r
© wy =1 Uy -T-T- T?éug 7-r-7-r (where we set [ = r if uy = e).

In the first case, we have

R{;{i((]) = R’l[l,{g'ig ugT‘T‘T‘T"Ll)g( ) Rifﬂrrrwg(Q>
qRT 1 (9)).
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In the second case, we have

xT H,ac HZ‘
RIS = Ryt (@ = (€= D) Ry reray (@) + 4Ry (g)

= (a=D*a—1-2)[(q¢—1—2)R%, (@) + aRp ., ()] +
a(q = Dlg = 1 = )Ry, (a) + aRps ., (0)]
= (¢~ D0g—-1-2)[(g—1)(g—1~2)+qRJ, () +
q(q = Dl(g = 1)(q =1 - 2) +q|R7 ., (0)
= (¢ D@~ 1-2)’Ri%.(0) +alg — D@~ 1 - 2R, (a)
where the last equality follows by Eq. (3.1). In both cases we have used statements
that we have already proved.
Suppose ¢(ws) — ¢(uz) > 5 and use induction on ¢(wsy). The base of the induction is
us = e and wy € {rrrrr, Frrrr}: the assertion follows by a direct computation that we

omit.
Let ((wy) > 5: if I € Dp(ws), then R¥(q) = RIY (q) = RIM™ (q) and we

U2U3,W2w3 lugus,lwaws

may conclude by the induction hypothesis since {(lws) < ¢(w2) and £(wz) — £(ug) =
((lwg) — L(lug). Tf I ¢ Dp(ws), then consider I € Dp(ws): we have [ ¢ Dp(u) since
1 ¢ Dr(us), and lu € WH since uy # e. Hence, using the induction hypothesis, we have
Ri) = (= DR 5 (0 +aByS G (Q)
= (= 1%(q—1—a) @2 ((g — 1= 2)RIE, (q) + qRIE 0, ()
+a(g—1)(g— 1~ x)mwz)‘m“Z)_Q[(q — 1= 2)Ryi%,(a) + aRpy ., (0)]
= (= 1)(g—1—a) D2 [(g —1)(g — 1 — @) + g RS, (a) +
q(q —1)(g =1 —2) @D~ (g = 1)(¢ — 1 — 2) + ¢ Ry 0, (@)
= (¢—=1)(g—1—-2) D 2[g -1 —2)R], (9) + R[S, (0)]
where the last equality follows by Eq. (3.1). O

Remark 3.7. Lemma 3.6 implies that, under its hypotheses, R{f;ff 1s a combination of

Rl and RIE - with coefficients in Zq). Furthermore, if either

o ((wy) — l(uy) >3, or
o ((wy) — l(uz) =2 and {x € {s,t} : x <ws} =10,

then the coefficients of the combination depend only on €(wq) — £(uz).

4. MAIN RESULT

In this section, we prove Theorem 1.5, whose implications were discussed in Section 1.
In particular, for any arbitrary Coxeter system (W, S), any arbitrary subset H C S,
and any arbitrary element w € W, we give an algorithm for computing the parabolic
Kazhan-Lusztig R-polynomials {R{i’jj(q)}ueWH once one knows the poset-isomorphism
class of the interval [e,w], and which elements of the interval [e,w] belong to WH.
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As an immediate corollary, we have that it is possible to compute also the parabolic
Kazhdan—Lusztig polynomials {Pfj(q)}uewfz from the knowledge only of the poset-
isomorphism class of the interval [e, w] and which elements of the interval [e, w] belong
to WH (see Remark 2.12).

First, we give the following general definition.

Definition 4.1. Let P be a poset and T C P be a subposet of P. A relative special
matching of P with respect to T is a special matching M of P such that, if p € T and
M(p) < p, then M(p) € T.

Now, fix an arbitrary Coxeter system (W,S), a subset H C S, and an element
w € WH. An H-special matching of w is a relative special matching of [e,w] with
respect to [e, w], that is a special matching M of w such that, if u < w, v € W¥#, and
M (u) < u, then M(u) € WH.

Note that the (-special matchings are exactly the special matchings and that all left
multiplication matchings are H-special, for all H C S.

We say that an H-special matching M of w calculates the parabolic Kazhdan—Lusztig
R-polynomials (or, simply, is calculating) provided

(4.1)
RJ\HJ’(IU)VM(W) (q), if M(u) < u,
RI(q) =% (¢- 1)Ri’f4(w)(q) + qRJI\_I/[’(xu),M(w) (q), if M(u)r>uand M(u) € WH,
(¢g—1- x)RZ}@(w)(CI)a if M(u)r>uand M(u) ¢ WH.

for all u € W with u < w. Clearly, all left multiplication matchings are calculating.
Actually, our target is to prove that all H-special matchings are calculating.
We need the following result (see [21, Theorem 4.2]).

Theorem 4.2. Let M be an H-special matching of w. If

e cvery H-special matching of v is calculating, for all v € W with v < w, and
e there exists a calculating special matching N of w commuting with M and such
that M (w) # N(w),
then M 1s calculating.

We also need the following easy lemma.

Lemma 4.3. Let s,t € S, gt € Wisy, p € Dr(gst), and M be a special matching of
the dihedral interval [e, gs). If
o M commutes with p,, and
o M(xz) # pp(x), for all v € Wisyy such that £(x) # 0,1 and, if Wiep is finite,
g('r) 7é ms,t - 17ms,t;
then M 1is a left multiplication matching.

Proof. Without loss of generality, we suppose M (e) = s. We need to show M (z) = sz,
for all o € [e, gs]. By contradiction, let  be minimal such that M (z) # sx.

Clearly = ¢ {e,s}. By minimality, + < M(x), and s ¢ Dp(z) as otherwise M (sx)
would be z since sz would be smaller than x. Moreover, if W, ;, is finite and g, is its
longest element wy, then = ¢ {wy, swp}. The element M (x) cannot be xp (by hypothesis,
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since at least one among x and M (z) has length not in {0, 1, ms;—1,m,,}); M(z) cannot
be sz (by assumption); M (z) cannot be tx (since tx < x). The only possibility left is
M (z) = xp (recall that p is the element in {s,¢} \ {p} and notice that, if Wi, is finite,
xp is not wy since otherwise wy would be equal to sz). Hence the element p,M p,(zp),
which is zpp, would have length equal to £(zp) + 3, and so Mp,(xp) # p,M (zp), which
contradicts the fact that M commutes with p,. 0

We now recall and prove Theorem 1.5.

Theorem. Given an arbitrary Cozxeter system (W, S) and a subset H C S, let w be any
element in WH. Then all H-special matchings of w calculate the parabolic Kazhdan—
Lusztig R-polynomials of W,

Proof. We use induction on ¢(w), the case ¢(w) < 1 being trivial. Suppose ¢(w) > 1.
Let M be an H-special matching of w and v € W with u < w. We need to show

Rﬁ"(xu),M(l;I) (q), ; if M(u) < u,
RIE(q) =14 (q— DR, 3 (@) + Ry argwy (@), 3 M(u) > w and M(u) € WH,
(¢g—1- x)RZ}\Z(w)(Q)a if M(u)r>uand M(u) ¢ WH.

We may suppose that M does not agree with a left multiplication matchings on both
u and w, because otherwise the assertion is clear since left multiplication matchings are
calculating.

If there exists a left multiplication matching A of w commuting with M such that
Aw) # M (w), then we can conclude by Theorem 4.2.

By Theorem 2.9, M is associated with a system (J,s,t, My). Suppose first that
(J,5,t, My) is a right system and (w”){*" #£ e. Fix [ € Dy ((w’)*™); thus | € Dp(w)
and \; is a special matching of w that satisfies M (w) # \;(w) since

M(w) _ (wJ){s,t} . Mst((wJ){s,t} . {s}(wJ)> . {S}(wJ)

while
A(w) = Hw! ) (W) - oy (wg) - ¥ (wy).

We need to show that M and \; commute. In order to apply Lemma 2.5, we distinguish
the following cases.

(a) L ¢ {s,t}.

By Property R3 of the definition of a right system, either [ ¢ J or [ commutes with s. In
the first case, M acts as ps on [e,wy(s,1)] and hence commutes with A; on [e, wo(s,)].
In the second case, M and \; clearly commutes on [e, wy(s,1)] since [e,wo(s,l)] is a
dihedral interval with 4 elements.

(b) I =t.
By Property R4, M commutes with \; on [e, wo(s, t)].
(c) Il =s.

We need to show that M and \; commute on every lower dihedral intervals [e, wy(s, )],
with 7 € S\ {s}. For r = ¢, it follows from Property R4. For r # t, M acts on
le,wo(s, )] as ps or Ay, and in both cases M commutes with As on [e, wq(s,7)].
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Now suppose that (J, s, t, My,) is a left system and (yw){*} # e. Fix I € Dy ((yw)h);
thus [ € D (w) and ), is a special matching of w that satisfies M (w) # A\(w) since

M(w) = (yw)tt Mst<(Jw){s} : {s,t}(Jw)> B ()

while

N(w) = 1w)™ - () - e Cw) - B9 (w).
In order to show that M and \; commute, we again apply Lemma 2.5. If [ # s, then M
acts as p, on [e, wy(s, )] and hence commutes with A;. Suppose | = s; we need to show
that M and \; commute on every lower dihedral intervals [e, wy(s,r)], with r € S\ {s}.

If r = t¢, it follows from Property L5. If r # ¢, then M acts on [e, wy(s,7)] as ps or As,
and so M commutes with A,.

Hence we may suppose that either
(1) (J,s,t, My) is a right system and (w”){*" = ¢, or
(2) (J, s,t, My) is a left system and (;w)i* = e.
In the first case, we set wo = (W) (53 - (s3(Ws), w3 = ¥ (wy), us = (W) sy - 15 (ws),
uz = *}(uys). In the second case, we set wy = (w)gsy « sy(fw), wy = stk (T),
uy = (ju)sy - sy(Cu), uz = H(Ju). In both cases, we get the Wi,y x SHW-
factorization of w and wu:

w = Wy - W3 U = Uy - Us.
Note:
o u < w,
o wy,uy € Wiy,
o ws, uz € BHW,
® Uj < ws,
o {z € {s,t} : v < ws}| <1 (in the first case, this is trivial since ¢t ¢ J and

w3 € Wy; in the second case s and t cannot be both smaller than or equal to
w3 since otherwise My = A; by Property L4 and hence M = \;) and, if this
cardinality is 1, we let p be such that {p} = {z € {s,t} : © < w3},
o M(w)= M(ws) - ws and M(u) = M(uz) - us,
e M acts as A; on [e, wp(s,7)], for all r € S\ {t} such that r < w,
o if {p} = {z € {s,t} : © < ws}, then M commutes with p, on [e,wy(s,t)] (by
either Property R5 or Property 1.4).
Recall Proposition 3.2. If (W4 - us) N W = {us}, then we may conclude using
Lemma 3.3.
We now suppose Wy, - us € W and apply Lemma 3.4. Suppose {(ws) — £(us) = i,
1 > 2. By Lemma 3.4, we have

RI(q) = Ri-RI® (q) + qRioy- R, (q)-

u3, w3 puz, w3

If M(u) < u, then ¢(M(wy)) — ¢(M(ug)) = i and also Rf/[’fu),M(w)(q) is equal to
Ri . RH’I (Q) + qRi_l : RH’x by Lemma 3.4.

u3, w3 puz,ws?
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Suppose u <1 M (u). If £(ws) — ¢(ug) > 4 then

H,x H,x
(q - 1)Ru2u3,M(w2)w3 (Q) + qRM(UQ)US’M(U’Q)w?’ <Q)

is equal to
= (¢ D[Rio1 R, (0) +qRio - Rypd ]+ alRio - RyG5,(@) + aRiss - Ryt
= [(¢q=DRi-y + qRi2) - RIS (@) + qllq — D) Ri—a + qRi—s] - RIE .
= Ri- R, (0) +aRi - Ryt
by Lemmas 3.1 and 3.4, as desired.
If ¢(wy) — (ug) = 3, then Lemma 3.4 implies that
H,x H,x
(q— 1)RU2u3,M(w2)w3(Q) + qRM(ug)ug,M(wg)w3<q)
is equal to
(42) (¢ D[Re- R%,(q) +qRi - RS ]+ allg — RS, (9) + aRpus s - X
1 if M =M .
where y = ' (1ws) (u2) - p

0 otherwise.
The term R* - x is always 0: indeed, if p < ws, then M(ws) # M (us) - p since,

otherwise, wy = M (M (uz)-p) = M o p, (M(uz)) # ppo M (M(uz)) = usp and M would
not commute with p, on [e, wy(s,t)]. Hence the polynomial in (4.2) is always equal to

= [(q - 1)R2 + q(q — 1)]RH’$ (q) + q(q _ 1)R1 . pH=

u3,w3 pu3,Ww3
_ H,x . pHxz
= ny- Ru:s,ws <Q) + qR2 Rpus,w:a’

as desired.
Suppose l(ws) — l(uz) = 2. If {z € {s,t} : & < w3z} = (), then

H,x H,x
(q - 1)Ru2ug,M(w2)w3 (q) + qRM(ug)ug,M(wg)w:; <q)
is equal to (¢ — 1)2R7% (q) and the assertion follows. Suppose {z € {s,t} : z <

u3, w3
ws} = {p} and recall that, in this case, M commutes with p, on [e, wy(s,t)]: in order

to compute

H,x H,x
(43) (q - 1>Ru2u3,M(w2)w3 (q) + qRM(uz)u3,M(w2)w3 (q)

we distinguish two cases, according to as whether p is in Dgr(M(uy)) or not. If p €
Dgr(M(uz)), then there exist r € {s,t} and v € Wi,y with £(v) = €(us) such that
M (ug) =v-pand M(ws) =7 -v. The polynomial in (4.3) is equal to

_ H,x H,x

- (q - 1)RUQU3,rvw3 (q) + qupug,rvwg <q>

_ 2 pHx Hx

- (q - 1) Rug,wg (q) + q(q - 1)Rpu3,w3 (q)
since Lemma 3.4 implies

o RI® (q) = (g — 1)RE= (q) (notice r - v # uyp),

u2u3,7vws3 u3,ws

o Rz (q) = (¢ — V)RZ=  (q) (notice vpuz < rvwy if and only if pus < wj).

VpU3z,TVW3I puz, w3
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If p ¢ Dr(M(uz)), then M(uy)-p = M(uy-p) = wy and M (wy) = us - p, as otherwise
ppo M (ug) # Mop,(us). Thus M (ug) £ M(we) > M(ws)p and M (us)-ug £ M(ws)-ws,
and so the polynomial in (4 3) is equal to

Suppose now {(wy) — £(uz) = 1. By Lemma 3.4, we have

RH,m( ) — (q - 1>R5]311‘1)3< ) Rg;wB(q)’ if Wo = U - P
(¢ = DRyt (9), otherwise.

u3,W3

If M(ug) > ug, then M(ug) = wy, since M is a special matching, and

(q - ]‘)RU2U3 M(wQ)w3( ) + qR uQ us, M(WQ)U)g (q) = (q - 1)RQIL{2’ZZ3 uzwg( ) R’lIl_)Igﬁg uUW3 (q)
= (0= DR, (@) + aRu, i, (@)

u3, w3 w2u3z,u2w3

REz (q), ifwy=1uy-p

H,x _ PU3, W3
where R0 1w, (q) = 0
M

otherwise.

If M(uz) < ug, then either {x € {s,t} : x <ws} =0, or {z € {s,t} : x < w3} = {p}
and wy = uy - p if and only if M(w,) = M(uy) - p since M and p, commute. Hence
R (q) = RHEEU) M(w) (@), by Lemma 3.4.

Suppose {(wsg) — l(ug) = 0. If wy = wuy the assertion is trivial. Otherwise, us <
M(ug) = wo(s,t), M(ws) < we and M(ws) < uy. Since u < w, necessarily p < ws,
p € Dg(uz), us = (lwy) ~p where [ € Dy (ws) \ Dr(uz), wo(s,t) = wy-p =1-uy and,
since M o p,(wo(s,t)) = pp, o M(wy(s,t)), we have us = M (ws) - p. Thus

H,x H.x H,x
(q - 1)RU2U3 M UJQ)’LU3( ) RM(UQ)U?, M (w2)ws <q) = <q o 1)R 2)pug, M (w2)ws <q)
= (¢— 1)RHI (9)

puz, w3
since M (ug)ug £ M(wse)ws, and we conclude by Lemma 3.4.
Suppose £(wq) — L(uz) = —1. Thus uy = wsy - p as otherwise u £ v, and uy = wy(s, t).
Hence M (uy) <t us and we conclude by Lemma 3.4.

We are left with the case when (W, -us) "W is a chain and we apply Lemma 3.6.
Let r,7 € {s,t} be such that ruz € W and rus ¢ WH.

Suppose ¢(ws) — f(uz) > 4. By Lemma 3.6, we have
(44) RiS(@) = (4= 1)(g—1—a) 70272 — 1 —2)RT%, (9) + aR7S ., (0)]-

If M(u) < wu, then we can conclude since ¢(M (ws)) — £(M(uz)) = €(wy) — £(usy) (see
Remark 3.7).
If u<t M(u) ¢ WH then
Q) = (¢=1)(q—1—a) MDD (g -1 — ) RIS, (q) + g RIS, (0)]
= (¢—D(g—1-2) D5 (g 1 =) RIS, (0) + gR7 0, (0)]

u3,ws3 TU3,W3

uM(w(

by Lemma 3.6. Hence (¢ — 1 — a:)Ri’]@(w)(q) is equal to the right side of equation (4.4),
as desired.
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If u <t M(u) € WH, we separate two cases. If either £(wy) — £(ug) > 5, or £(wy) —
l(ug) =4 and {z € {s,t} : 2 <ws} =0, then

H,x H,x
(q - ]‘)RU2u3 M(w2)w3( ) + qR (u2)uz,M(w2)ws <q)

is equal to
L(M(w2))—£(uz)— H,x H,x
(M (ws2))—b(M(u2))— H,x H,x

= (¢-1)
a(q = 1)(g =1 —2)" @)= (g —1)(q¢ — 1 = 2) + ¢ R}5 (@)
= (¢—1)(g—1-a) 7 D72[(g — 1 — 2)RI¥, (q) + aRS 0, (0)]
by Lemma 3.6 and Eq. (3.1), as desired.
If l(wg) — l(uz) = 4 and |{z € {s,t} : © < ws}| = 1, then, by Lemma 3.6, (g
1R™* (q) + qR M (uz)us, M(wg)w3<q> is equal to

uzug, M (wa)ws \4
= (¢—D(g—=D(¢g—1—2)[(¢g—1—2)RE%, (0) + ¢RI, (0)] +
qllg —1)(qg =1 = 2)R;%,, () + gARLS . (q)]
= (¢—D(g—-1-2)(¢g—1)(g—1—2)+qRE () +
qllg—1)*(¢—1—=2)+qAR . ()
= (¢—1D(g—1—-2)’R (9) +allg—1)°(¢ — 1 — z) + AR . (q)
(g—1—2x), ifr € Dr(w,)

(g—1), if r ¢ Dp(ws)
If r - ug £ ws, we are done. Let us show that r - u3 cannot be smaller than or equal to
ws by contradiction. We would have r < w3 (so r = p) and M would commute with p,
on [e,wy(s,t)]: on the other hand, M(z) # xr for all x € Wy, with £(x) # 0,1, ms —
1,msy4, since M is H-special and M (x - ug) cannot be a7 - us. By Lemma 4.3, these two
facts together would imply that M is a left multiplication matching on [e, wq(s, t)], and
M would be a left multiplication matching on [e, w], which is a contradiction.

)
)

(
q—1—a) 23 (g —1)(g—1-2) + Q]R“ ( ) +
(

where A = and the last equation holds by Eq. (3.1).

Suppose {(ws) — {(uz) = 3. By Lemma 3.6
Rl(a) = (¢-D@—1-2)[(¢—1-2)R.%, () + aR ., (@)

If M(u) <9wu, then we conclude by Lemma 3.6.
If u<t M(u) ¢ WH then

Rits (= ) @=L Dl@ = DR (@) + e, (@], ifr € Dr(uws)
M () (¢—1D[(g—1—=2)REz (q) +qREe . ()], if r & Dg(ws)

by Lemma 3.6. If r - uz £ ws, we are done.

Let us show that r - uz cannot be smaller than or equal to w3 by contradiction.

We would have r = p, and M would commute with p, on [e, wp(s,t)] since - uz < w;
implies 7 < ws: on the other hand, M (x) # xr for all x € W,y with £(z) # 0,1, mg, —
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1,msy, since M is H-special and M (x - ug) cannot be xr - u3. By Lemma 4.3, these two
facts together would imply that M is a left multiplication matching on [e, wq(s,t)] and
so M would be a left multiplication matching also on [e, w], which is impossible.

If u<t M(u) € W, then

o M(ug) =1-uy, where I € {s,t}\ Dr(us) and [ - uy is not the longest element in
W{s,t} (lf an}/)a
o M (ug-7) = l-ug-7 since M is H-special (as otherwise we would have M (ug-7-us3) =
[-1-ug-us € WH with uy -7 - ug ¢ WH),
Hence the only possibility is M (ws) =1 -1 - uy (recall M (ws) < wsy) and wy € {1-1-1-
g, L1 ug - r}. But wy =1- [-1-us is not allowed since M would agree with \; on both
w and u, which is impossible. Thus wy =1 -1-uy -7 #1-1-1-us, and

H,x
(q - 1)RuQu3,M(w2)w3( ) + QR M (u2)us, M (w2)ws (CZ)

is equal to

(= DRI (@) +aRe o (q)

= (¢=D(g—1-2)[(¢ = DRY%, () + qR7 o ()] + alg = DR, (9)
(¢=Dllg—D(g—1—2)+qRL%, () +a(g—1)(g—1—-2)RET,.(q)
(¢—1(g—1-2)R% (0) +q(¢g—1)(g—1—-2)RET, ()

by Lemma 3.6 and Eq. (3.1), as desired.

Suppose {(ws) — (uy) = 2.

If M(u)<tu, then M(us) = luy with [ € Dy (ug) (since M is H-special), M (M (us) -
F) =1 -M(uy) -7 = uy -7, M(wy) = M(uy) -7 -7, and wy cannot be [ - [ - uy since
otherwise M and \; would agree on both w and w. Thus wy = l-uy -7 #+1- - us,
and wy = M o p.(M(ug) - 7) # p, o M(M(uy) - 7), which implies r £ ws: hence
R (q) = Rz\Hﬁu),M(w)@) since they are both equal to

(¢- (g —1-2)RE%, (0)
by Lemma 3.6. B
If u<t M(u) ¢ WH then M(ug) =uy -7, wy € {l-uy-7,1-1-uy}, and M(wq) =1 uy,
where [ € {s,t} \ Dr(ug) if ug # e and [ = r if uy = e. We have
Rl (@) = Bivv (@) = (= DRI () + qR (@)

u2U3, lu2w3 uU2U3,U2Ws3 l’u,QU,3 u2Ws3

= (¢— DRI (@) + qRp . s (@)

U3, W3 lugusz,u2ws

where the last term is 0 unless us = e (and so [ = r) and r - uz < ws (so r = p).
If {z € {s,t} : * < ws} is either empty or {r}, we conclude by Lemma 3.6. If
{z € {s,t} : < w3} = {r}, then M must commute with p, on [e, wy(s,?)]: this implies
uy = e (since p, o M(ug) = uy -7 -7 while p,(y) <y for all y € (WHNWi )\ {e}), and
Wy =T -7 uy =771 (since 7 - r must be the element of length 2 in Wy, covering its
matched element as otherwise p, o M (e) could not be equal to M o p,.(e)). The assertion
then follows.
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If u<t M(u) € WH, then M(uy) = 1-uy with [ € {s,t}\ Dy(uy) (and [ = r if uy = e),
and M (wq) = ug - 7. Moreover, wy # [ - us - 7 (as otherwise M and X\; would agree on
both w and u). Hence wy should be equal to [ -1-us but also this is not possible since
the element wy - uz = [ - | - uy - us € W (which belongs to [e, w] since uz < ws3) would
be matched with uy - 7 - uz ¢ W and this contradicts the definition of H-special.

Suppose {(ws) — (ug) = 1.

If M(u)<twu, then M (uy) = lus with [ € Dp(usy) (since M is H-special), and M (wy) =
(lug) - 7. Now wsy € {l - uy, uy - 7}, but actually both possibilities are not permitted. On
one hand, ws cannot be us - 7, since otherwise M and \; would agree on both v and w.
On the other hand, wy # [ - uy since otherwise - ug - uz > M (I - ug - u3) = M(l-ug) -uz =
lug - 7 - uz & WH, with luy - us € WH, which is impossible since M is H-special.

If u<t M(u), then M (ug) = ws since M is a special matching. The element wy cannot
be - uy, with [ ¢ Dy (u), since otherwise M and \; would agree on both u and w. Thus
Wy = Ug - T and

Rii(a) = (¢ —1—2)Ri%,(q)
by Lemma 3.6: on the other hand, M (u) = wy - u3 = uy - 7 - uz ¢ WH and

H,ZB ,T _ T
Ru,M(w)(q) = RUHQ’LL3,1L2w3 (Q) - Rio,,wg <Q)7

and the assertion follows.

Suppose £(ws) — (uz) = 0.

If us = wo, then the result is clear. Otherwise r < w3 and M commutes with p,: we
have (M (wsy), M(ug)) = (lws, luy), with I € Dp(ws) \ Dr(ug), and hence M coincides
with A; on both u and w, which is a contradiction.

Suppose {(ws) — l(ug) = —1.

Necessarily uy = wy - 7 = wp(s,t) and Lemma 2.6 implies M (ug) < uy. Clearly, we
also have M (wz) <t w,. Hence RI¥(q) and R]\H/[’(xu), M(w) (@) coincide, since they are both
equal to R%  (g) by Lemma 3.6.

rU3,W3
The proof is completed. O

We illustrate Theorems 1.3, 1.4, and 1.5 with an example. Let W be the Coxeter
group of type As with Coxeter generators sy, s, and s3 numbered as usual (i.e. my, 4,y =
Mgy 53 = 3 and my, 5, = 2). Let H = {sa}, w = 81598351 € WH and u = s, € WH.

Suppose that we want to compute Rqu(q) but we only know the isomorphism class
of the poset [e,w] and which elements of [e,w] belong to W# and which do not. In
other words, we know the pieces of information that we can detect from Figure 1, where
the elements represented by full (respectively, empty) bullets belong to (respectively,
do not belong to) W#.

In order to compute Rf;f (¢) using Theorem 1.5, we need an H-special matching M
of w. There are 3 of them: we choose, for instance, the dashed H-special matching
depicted in the first picture in Figure 2. Hence

R (q) = (g =1 =2)R}y, ) (@)
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FIGURE 1. The Hasse diagram of [e,w] and how [e, w]" embeds in [e, w].

Now we need an H-special matching N of M (w), and we choose the dashed H-special
matching depicted in the second picture in Figure 2. Hence

& H,x H,x H,x
Rf,M(w)(Q) = QRN(U),NM(W)(‘]) +(q — 1)RU,NM(w)(CI) = (¢ — 1)RU,NM(w)(Q)-

Finally, we need an H-special matching of NM (w), and we choose the dashed H-
special matching depicted in the third picture in Figure 2. Hence

RZ}:\?M(@U)(w = ng&z),ONM(w)(Q) +(q — 1)RigNM(w)(Q) =(q¢— 1)R57(9)6NM(U,)<Q)'

Since u = ONM (w) we have R™" q) = 1, and the computation yields
u,ONM (w)

Rli(g)=(a—1—2)(g—1)"

FIGURE 2. H-special matchings.
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